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It has long been recognized that many inventory models most relevant to practice are inherently high-

dimensional, and hence generally believed to become computationally intractable as certain problem param-

eters grow large (suffering from the “curse of dimensionality”). In the last decade, asymptotic analysis has

shown that in many interesting settings such problems can actually be well-approximated by much simpler

optimization problems, leading to new algorithms and insights. In this survey, we review the state-of-the-art

as regards applying asymptotic analysis to such challenging inventory problems. In addition to surveying the

literature, we present a detailed introduction to the relevant tools and methodologies through three in-depth

case studies in which asymptotic analysis has recently led to major progress: lost sales models, dual-sourcing

models, and assemble-to-order systems in the presence of large lead times.

1. Introduction
1.1. Overview of mathematical inventory research broadly.

The problem of deciding how much inventory a retailer should stock over time is no doubt an

endeavor as ancient as commerce and civilization itself. It is generally accepted that the first mod-

ern treatment of the associated decision problems using formal mathematics dates back to Harris’

seminal paper on the basic EOQ model (Harris (1913)). The field really took off in the 1950’s

when it was recognized that multi-stage inventory control problems could generally be framed as

dynamic programs (Bellman et al. (1954)), and that depending on one’s modeling assumptions

these dynamic programs may have relatively simple optimal solutions, or may be truly high-

dimensional and seemingly intractable (Arrow et al. (1951), Dvoretsky et al. (1952, 1953), Bellman

et al. (1955), Arrow et al. (1958), Karlin and Scarf (1958)), where determining which of these

scenarios holds for any particular set of modeling assumptions could be quite mathematically

challenging. We note that the phenomenon of certain practically relevant dynamic programming

formulations scaling poorly (computationally) with the ambient dimension came to be referred

1



2

to as the “curse of dimensionality” (Bellman (1961)). In the following decades, researchers con-

tinued to define new application-dependent inventory models, and attempted to determine under

which assumptions these models were tractable (often with simple and insightful optimal or near-

optimal policies), where demonstrating tractability often involved non-trivial mathematical tools

from dynamic programming and convex analysis. When these assumptions did not hold, the com-

mon wisdom (accumulated over time as certain basic models were studied by multiple researchers)

was that these models were fundamentally intractable, typically due to the aforementioned curse

of dimensionality, and instead heuristic methods were studied and validated numerically.

This general approach has by now led to a vast literature on mathematical inventory problems.

For example, the following is a (non-comprehensive) list of surveys done on various aspects of

mathematical inventory control in the past sixty years: Veinott (1966), Clark (1972), Aggarwal

(1972), Silver (1981), Nahmias (1982), Aksoy et al. (1988), Porteus (1990), Raafat (1991), Kleijn et

al. (1999), Petruzzi et al. (1999), Kennedy et al. (2002), Minner (2003), Elmaghraby et al. (2003),

Chan et al. (2004), Urban (2005), Williams et al. (2008), Syntetos et al. (2009), Levi (2010), Moshe

et al. (2011), Bijvank and Vis (2011), Winands et al. (2011), Fiestras-Janiero et al. (2011), Shi

(2011), Krishnamoorthy et al. (2011), Bakker et al. (2012), Chen and Simchi-Levi (2012), Coelho

et al. (2013), Brahimi et al. (2017), Yao and Minner (2017), Atan et al. (2017), Chen (2017b),

Duong et al. (2018), along with at least one survey of surveys (Bushuev et al. (2015)), and several

textbooks (Zipkin (2000), Porteus (2002), Simchi-Levi et al. (2005)).

1.2. Scope of this survey (and why this survey is needed).

1.2.1. Lack of surveys which go in-depth in a particular methodology. The majority

of the aforementioned surveys each focus on a specific family of inventory models, and classify the

work on those models without going into much mathematical depth of the associated techniques

used in their analysis. This is problematic, as a survey which goes into considerable mathematical

depth on a particular new methodology can be instrumental in moving an academic field forward,

by providing a reference which can quickly introduce researchers to the key ideas and techniques

needed to apply those ideas to other problems. Among the aforementioned surveys, it seems that

some of the very few attempting such a presentation recently are Levi (2010) and Shi (2011), for

the myopic balancing approximation algorithm methodology pioneered by Levi and co-authors;

and Chen (2017b), for the use of L\ convexity and related methodologies in inventory problems.

1.2.2. Lack of survey on asymptotic analysis. A different methodology which has

recently led to substantial progress on several fundamental inventory models is asymptotic

analysis. In asymptotic analysis, one proves that as certain parameters of the system grow large,

various (probabilistic) phenomena manifest which lead to certain approximations performing well.
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For example, it could be that for an inventory control problem which is naturally high-dimensional,

such a phenomenon effectively (in some asymptotic sense) reduces the relevant optimization to

one of a much lower dimension. Ideally, the parameters which “grow large” in the analysis are

naturally large in some interesting setting, either for modeling reasons or e.g. in settings where

other methods (such as dynamic programming) become impractical. Perhaps the most classical

and fundamental example of asymptotic analysis is the celebrated central limit theorem, in which

it is proven that under mild assumptions the distribution of the convolution of many independent

and identically distributed random variables (properly renormalized) can be well-approximated by

a Gaussian, with explicit bounds on the error of such an approximation coming from e.g. Stein’s

method (Ross (2011)).

There is by now a vast literature on such analyses in many academic disciplines, including

probability theory, operations research, statistics, and computer science, and we make no attempt

to survey the approach at such a level of generality here. Asymptotic analysis has been especially

critical in solving some of the most challenging problems in the theory of queues, a discipline very

close to inventory theory both in the problems studied and techniques used, and we note that a

large number of surveys and books have appeared in the literature focusing on the application

of asymptotic analysis specifically to the study of queues (Whitt (1974), Lemoine (1978), Glynn

(1990), Harrison and Nguyen (1993), Schweitzer et al. (1993), Down and Meyn (1994), Williams

(1998), Whitt (2002), Pang et al. (2007), Shanthikumar (2007), Ward (2012)). We note that in

queueing theory, asymptotic analysis is often used to prove that a seemingly high-dimensional

problem behaves asymptotically like a much lower-dimensional problem, with this phenomenon

generally referred to as “state-space collapse” (Reiman (1984), Harrison and Van Mieghem

(1997), Bramson (1998), Stolyar (2004), Dai and Tezcan (2011)).

Interestingly, it seems that no such analogous surveys exist explaining the application and

importance of asymptotic analysis in inventory theory. This is in spite of the fact that: 1. at least

one of the most practically important insights of inventory theory centers around such analyses,

i.e. the implications of the central limit theorem for inventory pooling (Eppen (1979)); 2. there

is by now a growing literature in inventory theory based on asymptotic analysis; and 3. the last

decade has seen asymptotic analysis make substantial progress on several of the most fundamental

and long-standing open problems in inventory theory, including the optimization of lost sales,

dual-sourcing, and assemble-to-order (ATO) systems with large lead times.
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1.2.3. Scope of this survey. For all of the above reasons, we believe the time is ripe for

a survey on the application of asymptotic analysis to inventory theory, at a level which goes

into some depth regarding the mathematical techniques and how they apply to different types

of problems, using as case studies some of the aforementioned long-standing open problems in

lost sales, dual-sourcing, and ATO systems. We have attempted exactly such an exposition in

the present manuscript. Our survey will make no attempt to comprehensively review the state of

mathematical inventory theory broadly (beyond a terse discussion of some of the more well-studied

high-dimensional inventory control problems), nor the vast literature on more applied lines of

research in inventory management. Nor will we attempt to review the even more vast literature on

asymptotic analysis across other disciplines, instead focusing mostly on the methods most relevant

to the particular inventory problems we consider in-depth.

1.3. Outline of survey.

Our survey will proceed as follows. In Section 2, we give a brief overview of some of the more well-

studied inventory models which exhibit the “curse of dimensionality”. In Section 3, we first give

a brief overview of the different methods researchers have used for attacking such problems. We

then zoom in on the approach of primary interest in this survey, asymptotic analysis, and provide

a broad overview of the methodology and its application to inventory theory. In the following four

sections, we present a detailed introduction to the relevant tools and methodologies through three

in-depth case studies in which asymptotic analysis has recently led to major progress. In Section 4,

we provide a high-level overview of the three case studies, and place them in the broader context

of asymptotic analysis. In Section 5, we consider the application of asymptotic analysis to lost

sales models with large lead times. In Section 6, we consider the application of asymptotic analysis

to dual-sourcing models with a large gap in the lead time between the fast and slow supplier. In

Section 7, we consider the application of asymptotic analysis to ATO systems with large lead times.

In Section 8, we provide some final thoughts, open problems, and directions for future research.

1.4. Preliminary notation and definitions.

Here we introduce some additional notation and definitions for use throughout the survey. Let

r.v. denote random variable (or vector depending on context), and i.i.d. denote “independent and

identically distributed”. For a real number x, let x+ ∆
= max(x,0), and x−

∆
= max(0,−x). For two

r.v.s X,Y , let X ∼ Y denote equivalence in distribution. For two integers i, j, let δi,j equal 1 if i= j

and 0 otherwise. For a real-valued vector x, let x[k]
∆
= (x1, . . . , xk). Also, let the constraint x ≥ 0

denote the set of constraints xi ≥ 0 for all i. For a stochastic process {Z(t), t≥ 0}, and t1 ≤ t2, let

Z(t1, t2)
∆
=Z(t2)−Z(t1). Recall that for two non-negative functions f, g of a common parameter n,

we say that f =O(g) if limsupn→∞
f(n)

g(n)
<∞, f = Θ(g) if 0< lim infn→∞

f(n)

g(n)
≤ limsupn→∞

f(n)

g(n)
<

∞, and f = o(g) if limn→∞
f(n)

g(n)
= 0.
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2. Overview of inventory models suffering from the curse of
dimensionality

Although real-world supply chains are extremely complex, the academic inventory control

literature has identified certain fundamental mathematical models which capture some of the

basic trade-offs which manifest in more complex supply chains. Perhaps the best known of these

models are the celebrated EOQ and newsvendor models (Harris (1913), Qin et al. (2011)), whose

solutions are well-known. However, other such well-studied models, designed to capture additional

features and trade-offs present in many real-world supply chains, remain poorly understood to this

day, largely due to the associated dynamic programs exhibiting the curse of dimensionality. Here

we briefly survey several such families of models, noting that our list of models (and associated

references) are far from comprehensive, as they are mostly included for additional context and not

the main focus of our survey. Some of these models, e.g. those corresponding to our case studies,

will be described in greater depth later in the survey.

1. Lost sales with positive lead times. In lost sales models, demand which cannot be met in a

given period is lost to the system (with an appropriate lost-demand penalty incurred), and cannot

be met at a later time, resulting in the inventory updating in an inherently non-linear manner.

This stands in contrast to models with demand backlogging, in which demand that cannot be met

remains in the system (possibly resulting in a negative inventory). In the presence of lead times,

i.e. a multi-period delay between when an order for more inventory is placed and when that order

is received, models with lost sales become high-dimensional, as one must keep track of all orders

already placed but not yet received (i.e. the pipeline vector). It is well-known that for models with

backlogging, there exist simple optimal policies which only require knowledge of the net amount of

inventory in the pipeline vector (i.e. the sum of all such orders), effectively reducing the problem

to a 1-dimensional optimization (Karlin and Scarf (1958)). For lost sales models, it is known that

no such simplification occurs, and there is a large body of work on alternative approaches to the

resulting high-dimensional problems (Bijvank and Vis (2011), Xin and Goldberg (2016)).

2. Multiple suppliers. In models with multiple suppliers, one must decide not just how much

inventory to order, but how much inventory to order from each of multiple suppliers. Different

suppliers typically have different costs, and different lead times. A well-studied special case of such

a model is the celebrated dual-sourcing problem, in which one must dynamically allocate orders for

more inventory between a supplier which is cheaper but slower (i.e. has a larger lead time), and one

which is more costly but faster. In such models, high-dimensionality can manifest in many ways. For

example, in the presence of lead times, one must again keep track of all orders placed but not yet

received, from all suppliers. Although a complete solution is known when the lead time gap between
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any two suppliers is at most one, beyond this special case many formulations remain fundamentally

high-dimensional, although alternative formulations (e.g. using queueing networks) may lead to

reduced dimensionality (at the expense of having to make different modeling assumptions) (Minner

(2003), Yao and Minner (2017), Song et al. (2016), Xin and Goldberg (2017)).

3. ATO systems. In ATO systems, one typically has an inventory for each type of component

under consideration, and knowledge of a so-called bill of materials (BOM) which dictates how many

of each component must be used to assemble a given product. Demand then arrives for products

over time, and the inventory manager must decide when and how much to order of each component

over time, as well as when and how to meet the demand for products over time (e.g. if two different

products use the same component, one may prioritize one of those products over the other if

there are only enough components on-hand to meet some of the demand). There may also be e.g.

different costs and lead times associated with different components and products. Although the

exact optimal policy can be computed when this BOM has a limited special structure (restricting

the types of interactions between the components required by different products), in general the

problem is high-dimensional, and many approaches have been considered in the literature (Atan

et al. (2017)).

4. Correlated demands. When demand is not independent over time, e.g. when the demand

in the current period depends in a complex way on past demands and/or some kind of high-

dimensional state or feature vector, even simple models can become inherently high-dimensional,

as the associated dynamic programs must keep track of all information needed to determine the

conditional distribution of demand. We note that this phenomenon arises in many realistic models

for demand, especially when forecasting methods are applied to the demand, but computational

simplifications can occur if additional assumptions are made (e.g. that demand is linear in the

features) (Baykal-Gursoy et al. (2010), Levi et al. (2007), Chen and Song (2001), Ban and Rudin

(2018)).

5. Perishable inventory. When inventory is perishable, i.e. when inventory expires after some

fixed amount of time, simple models can again become high-dimensional as one must in principle

track the remaining life (or age) of each unit of inventory, and there is a vast literature on heuristics

and approximations (Nahmias (1982), Duong et al. (2018), Chao et al. (2015, 2017), Zhang et al.

(2016)).

6. Multi-echelon. In multi-echelon systems, an inventory manager makes ordering and routing

decisions for multiple nodes in a supply chain, with possibly complex interactions between them.

Unless this supply chain has a special (e.g. serial) structure, in which case classical results of Clark

and Scarf (and follow-up work) demonstrate tractability, the problem remains high-dimensional

(with dimension growing at least as fast as the number of nodes in the network) (Clark (1972),

Federgruen (1993), Simchi-Levi and Zhao (2012)).
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7. Multiple items and/or retailers. In models with multiple items and/or retailers, one must

in general keep track of the inventory levels of all items and/or retailers, leading to high-

dimensionality. Special cases here include the one-warehouse-multiple-retailer problem and joint-

replenishment problem (Roundy (1985), Aksoy et al. (1988), Brahimi et al. (2017)). Many chal-

lenging lot-sizing problems also fall into this category (Bushuev et al. (2015)).

3. Overview of basic approaches to overcoming the curse of
dimensionality

In total generality, the models discussed in Section 2 are intractable (especially if one desires a

truly optimal solution). However, in some cases, various approaches have been able to overcome

this difficulty (at least approximately). Here we survey these approaches.

3.1. Brief digression on “what is intractable”.

Here we take a brief digression to discuss the notion of (in)-tractability. In theoretical computer

science and the formal study of algorithms, these concepts have been formalized using e.g. Tur-

ing machines and complexity theory (Papadimitriou (2003)). Although the formal notion of (in)-

tractability is less well-developed for inventory models, some formal hardness results (in the sense

of complexity theory and classification as e.g. NP-Complete) are indeed known (Halman et al.

(2009)). We note that the notion of tractable can also be subtle for inventory models, since (for

example) a policy can have a simple (e.g. base-stock) structure, yet it could be that using back-

wards induction to compute the required base-stock levels is (at least in some sense) formally hard,

e.g. in the same sense that computing the convolution of independent random variables is (in prin-

ciple) computationally hard (in the worst-case). For further discussion along these lines, we refer

the interested reader to Halman et al. (2009).

3.2. Overview of approaches.

Here we briefly survey several such approaches, again making no attempt to be comprehensive. We

focus almost exclusively on approaches that provably help overcome the curse of dimensionality for

seemingly high-dimensional inventory problems, making no attempt to survey solution methods

for inventory control problems generally, nor the vast literature on heuristic methods for such

problems.

3.2.1. Approaches not based on asymptotic analysis.

1. Convexity. Many of the classical insights into which inventory models are tractable stems from

the observation that the relevant dynamic programming equations are convex (or some generalized

notion thereof) for certain models. Such analyses have shown that (time-dependent) base-stock

policies (in which one orders up to pre-determined levels), and more generally (s,S) policies (in
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which one orders up to S if one’s inventory is below s), are optimal (and can be computed using

backwards induction) for certain models, including models with backlogged demand and positive

lead times (Karlin and Scarf (1958), Veinott (1966)). Related concepts of integer (including L\)

convexity have also been used to prove interesting structural and algorithmic results for several

models (Zipkin (2008), Chen (2017b)). Convexity (and related concepts such as submodularity)

has also been a key tool used in many proofs appearing in the inventory literature.

2. Dynamic programming techniques. As inventory control problems can be formulated as

dynamic programs, it is not surprising that techniques from dynamic programming have been able

to shed additional insights into these problems. The canonical result here is that of Clark and Scarf,

which showed that for serial multi-echelon systems the dynamic program has a certain “decompo-

sition” structure which leads to tractability (Clark (1972)). Of course, as with convexity, in general

dynamic programming has also been a key tool used in many proofs appearing in the inventory

literature.

3. Approximation algorithms. For many problems, although it remains unknown how to effi-

ciently find policies which are arbitrarily close to optimal, it is known how to efficiently compute

policies which are guaranteed to be “close” to optimal. A typical guarantee for such an algo-

rithm is that it incurs expected cost at most c times that incurred by the optimal policy, where

c is (ideally) some constant independent of the problem parameters - such an algorithm is called

a “c-approximation algorithm”. Canonical results here include Roundy’s “power-of-2” algorithm

yielding a 1.02-approximation algorithm for the one-warehouse-multi-retailer problem (Roundy

(1985)) and Levi’s balancing-algorithms yielding constant-factor approximation algorithms for a

wide range of inventory problems with correlated demand (Levi (2010)), as well as the many

generalizations and extensions of these approaches (Chao et al. (2017)). A different literature for

inventory control problems which derive approximation algorithms shows that by carefully analyz-

ing the relevant dynamic programs and rounding/truncating/approximating relevant quantities,

one can (with certain parameters held fixed) also derive efficient approximation methods (Halman

et al. (2009)).

4. Alternate modeling paradigms. Some lines of work have attempted to overcome the intractabil-

ity of certain dynamic programming formulations by modeling the basic problem differently, in

some cases side-stepping the associated hardness by making different underlying assumptions.

Prime examples here include framing models in the robust optimization paradigm (Bertsimas and

Thiele (2006), Bertsimas et al. (2010), Gabrel et al. (2014)); structuring models to be more in line

with results from the theory of queues and stochastic processing networks (Van Mieghem and Rudi

(2002), Song et al. (2016)); or simply formulating as tractable linear programs (Dzielinski et al.

(1965)).
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3.2.2. Approaches based on asymptotic analysis. In the early inventory theory literature,

asymptotic analysis was used almost exclusively through the application of the central limit theorem

(CLT). The CLT was used to justify the normal approximation for the total demand over a lead time

(Burgin (1975)), and to provide a simple to evaluate expression for the gain from inventory pooling

(e.g. Eppen (1979)). However, such usages were relatively rare, let alone systematic. Following its

prolific development in queueing systems and stochastic processing networks, asymptotic analysis

has been applied to the study of production-inventory systems, which are equivalent or at least

bear some close analogy to queueing systems (Bradley and Glynn (2002), Glasserman (1997),

Glasserman and Liu (1997), Krichagina et al. (1993), Plambeck and Ward (2006), Wein (1992)),

and are often analyzed under the “heavy traffic” condition (Krichagina et al. (1993), Plambeck and

Ward (2006), Wein (1992)). More distinct from queuing systems are inventory models in which

components are ordered instead of produced in-house. For these types of systems, asymptotic

analysis took place in a more recent time and is becoming increasingly popular. The three case

studies in sections 5, 6, 7 all belong to that category.

Probably the most important use of asymptotic analysis on inventory systems is to overcome

the curse of dimensionality. Our survey will focus almost exclusively on this application. Before

getting to that discussion, it is also worthwhile to briefly summarize some examples of other uses

of the approach:

• Inspiration for developing new types of policies: Reiman (2004) defines a constant order

policy for the lost sales model, and shows that it sometimes outperforms the best base-stock policy

in systems with large lead times and large lost sales costs. Allon and van Mieghem (2010) develop a

“tailored base-surge (TBS)” policy for a dual sourcing situation, and carry out related asymptotic

analysis in a heavy traffic regime. Both studies are followed by many other substantial asymptotic

analysis, which we will discuss in details in Sections 5 and 6 respectively.

Stolyar and Wang (2018) study a classical single-item backlog system with i.i.d. random lead

times. Orders may cross in time, so it is not optimal to follow the commonly-used base stock policy,

under which the average inventory cost scales with the demand rate r as Θ(
√
r) (r→∞). Based

on asymptotic analysis, they develop a “Generalized Base Stock (GBS)” replenishment policy that

can drive the average cost down to o(
√
r). The result is proven for systems with exponential lead

times and tested by simulations for systems with other lead time distributions.

• Qualitative insights of policies and heuristics: Fu et al. (2019) consider a periodic-review

inventory system of a perishable product that is either manufactured anew or remanufactured from

returned units. They develop inventory policies for determining the replenishment amounts of both

types of units in each period. They use asymptotic analysis to prove that with the increase of the

total inventory level of aged units (i.e., those that will perish in the next period), the optimal

replenishment amount of the new units converges to a constant.
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• Models with other operational decisions: Xin et al. (2019) consider a discrete-time lost

sale model, the control of which is exercised by both replenishment and pricing decisions. They

show that a constant order policy, coupled with dynamic pricing decisions that are based on the

current inventory level, is asymptotically optimal as the lead time increases.

• Characterizing policy parameters: Ang et al. (2017) consider the (r, q) policy in a

continuous-review inventory system with i. i. d. lead times. They prove the asymptotic indepen-

dence of the inventory position and inventory on-order in high-demand rate regime and develop

close-form expressions of the relationship between policy parameters and the inventory cost.

• Demand learning: As a related development, several researchers combine learning algorithms

with an inventory policies to address situations where the demand distribution is not known a

priori. The effectiveness of such an approach is normally measured by the regret, i.e., the difference

between the resulting inventory cost and the optimal cost under full knowledge of the demand

distribution. There has been a stream of work on the convergence rate of regret as the length of

the time horizon grows (Huh and Rusmevichientong (2009), Zhang et al. (2018b), Shi et al. (2016),

Chen et al. (2019), Agrawal and Jia (2019), Levi et al. (2015), Ban and Rudin (2018)).

For studies that address high dimensionality of inventory systems, there are multiple dimensions

along which one could potentially classify the relevant asymptotic analyses, including: specific

model studied; asymptotic regime applied; and methods of analysis utilized. Here we focus on

the first two (i.e. model studied and asymptotic regime applied), as for any given model different

papers may apply quite different asymptotic techniques. Such techniques often include: generaliza-

tions of the CLT, stochastic comparison arguments, relaxation methods (linear programming and

otherwise), decomposition techniques, and combinations thereof (also with tools from convexity

and dynamic programming). Indeed, we will see examples of all these techniques in our three case

studies. We note that in general, similar techniques have appeared in the asymptotic analysis of

queueing systems and stochastic processing networks, and that several researchers have worked

on both the asymptotic analysis of queues and inventories.

The asymptotic results of interest here will in general be of the following form:

“For intractable high-dimensional inventory model . . ., if one lets model parameter . . . grow large

(all else fixed), then “simple” policy . . . is asymptotically optimal (in an appropriate sense) as said

parameter grows to infinity”.

We note that even for the same model, there are often works letting different parameters scale

(often yielding different asymptotically optimal simple policies). We also note that “simple” may
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have different meanings in different settings, with some models and asymptotic regimes allowing

for very simple and intuitive policies (sometimes agreeing with methods already adopted by

practitioners), with others requiring more complex policies (albeit far simpler than those dictated

by the optimality equations of the original high-dimensional dynamic program).

Tables surveying and classifying relevant asymptotic analyses. Here we survey and classify those

works which have used asymptotic methods to overcome the curse of dimensionality in inventory

control problems. We note only the model studied and asymptotic regime applied, and point the

interested reader to the relevant literature for further details (e.g. nature of the asymptotically

optimal policy, modes of analysis applied, etc.). Below, there is one table for each model studied,

and the row represents the parameter which is scaled asymptotically. We have opted to focus on

readability, at the expense of not providing too many details into the relevant asymptotic regime

beyond the high-level quantity which is scaled up in the analysis. For example, a work may be

classified as one in which demand is scaled up, or costs are scaled up. Of course, for any particular

model there may be multiple ways to do such a scaling, and we refer the reader to the relevant

papers for further details. The category “Other” is used as a catch-all for non-standard asymptotic

regimes, in which quantities such as time, service level constraints, or other policy parameters

grow large. Also, some works appear in multiple boxes, as they study multiple asymptotic regimes

in the same paper. For those works relevant to our three case studies, we will go into much greater

detail later in the review.

Demand Plambeck and Ward (2006), Plambeck (2008), Wan and Wang (2015), Lu et al. (2015)
Cost -

Lead time Reiman and Wang (2015), Reiman et al. (2018)
Network size -

Other -
Table 1 Work applying asymptotic analysis to high-dimensional ATO systems.

Demand Kaminsky et al. (2008)
Cost Glasserman (1996)

Lead time -
Network size -

Other Glasserman (1996)
Table 2 Work applying asymptotic analysis to high-dimensional make-to-stock / order systems.
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Demand -
Cost Huh et al. (2009), Bu et al. (2017), Xin (2019)

Lead time Goldberg et al. (2016), Xin and Goldberg (2016), Bu et al. (2017), Xin (2019)
Network size -

Other Wei et al. (2018), Xin et al. (2019)
Table 3 Work applying asymptotic analysis to high-dimensional lost sales systems.

Demand Jasin et al. (2015)
Cost -

Lead time Xin and Goldberg (2017)
Network size -

Other -
Table 4 Work applying asymptotic analysis to high-dimensional multiple source / fulfillment center systems.

Demand -
Cost -

Lead time -
Network size -

Other Federgruen et al. (1994)
Table 5 Work applying asymptotic analysis to high-dimensional joint replenishment problems.

Demand Shi et al. (2018)
Cost -

Lead time -
Network size Romeijn and Morales (2003), Ahuja et al. (2007), Simchi-Levi and Wei (2012)

Other -
Table 6 Work applying asymptotic analysis to high-dimensional inventory network design problems.

Demand Cudina and Ramanan (2011)
Cost Huh et al. (2016), Rong et al. (2017)

Lead time Chen et al. (2017), Rong et al. (2017)
Network size Rong et al. (2017)

Other -
Table 7 Work applying asymptotic analysis to high-dimensional multi-echelon systems.

Demand Zhang et al. (2018), Bu et al. (2019)
Cost Bu et al. (2019)

Lead time -
Network size -

Other Bu et al. (2019)
Table 8 Work applying asymptotic analysis to high-dimensional perishable inventory systems.
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4. Overview of case studies and asymptotic analysis

In the following sections, we explore three case studies in which asymptotic analysis has recently led

to fundamental progress on several long-standing problems in inventory control. Here we provide

an overview of these studies, as well as some additional context within the landscape of asymptotic

analysis.

• Case Study I: Lost sales models. Here two lines of work are analyzed. Huh et al. (2009)

prove that when the lost sales penalty grows large in lost sales inventory models, a base-stock

policy is asymptotically optimal. Xin and Goldberg (2016) prove that when the lead time grows

large in lost sales inventory models, a constant-order policy (in which the same constant is ordered

in every period independent of the state of the system) is asymptotically optimal. Several key

concepts from the asymptotic analysis of stochastic systems manifest here.

— Stochastic comparison and coupling can be used to bound complex dynamics. This concept

is used to sandwich the cost incurred between that incurred in two “simpler” inventory systems,

which have different dynamics but which see the same sequence of demands (i.e. are coupled).

— Asymptotically negligible quantities can be ignored. The concept that many “complex fea-

tures” of a model contribute only a vanishingly small (as the system scales) amount to the associated

costs is used to show that certain lower and upper bounds agree in the limit.

— Complex Markov chains simplify in steady-state. This concept is used to simplify the analysis

of the Markov chain induced by an “optimal policy”, which is implicitly defined and may be very

complex, by exploiting certain symmetries which must hold in the long-run.

— Convexity can be used to bound complex dynamics. This concept is also used to simplify

the analysis of the Markov chain induced by an “optimal policy”, as the inventory size is a convex

function of the previous quantities ordered. Jensen’s inequality then bounds relevant quantities by

those in which the “random” order quantities are replaced by their means.

— Asymptotic independence simplifies analysis. The concept that random quantities which are

“far apart” in some distance (e.g. time) can be treated as if they were independent allows one to

decouple the state of the system “one lead-time away” from the state of the system “now” as the

lead-time grows large.

— Vanishingly small perturbations introduce regularity. This concept is used to reduce the asso-

ciated Markov chains to chains which are more regular (e.g. having a nice regenerative structure).

• Case Study II: dual-sourcing models with lead time gap. Xin and Goldberg (2017)

prove that when the lead time of the slow supplier grows large, a so-called tailored base-surge

policy (in which a constant order is placed at the slow supplier while a base-stock policy is used at

the express supplier) is asymptotically optimal in dual-sourcing models. This case study uses many

of the same key concepts as Case Study I (e.g. simplicity of the steady-state, convexity, asymptotic
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independence, vanishingly small perturbations). It also introduces an additional key concept from

the asymptotic analysis of stochastic systems.

— Long-run-average problems can be approximated by discounted problems. This concept is

used to reduce questions about the long-run-average behavior of certain Markov chains to analogous

questions when the relevant costs are discounted with a discount factor approaching one, which

induces additional regularity and stationarity properties.

• Case Study III: ATO Systems with large lead times. Dogru et al. (2010), Reiman and

Wang (2012, 2015), Reiman et al. (2018) prove that when the lead times of the components grow

large, a “target-tracking” control strategy (in which one attempts to keep the state of the system

at certain ideal levels computed by re-solving stochastic programs) is asymptotically optimal. This

case study uses the key concepts of stochastic comparison (to derive a stochastic-programming

lower bound for the cost incurred in a given period, by considering a modified system in which

several key features are relaxed), the fact that asymptotically negligible quantities can be ignored,

as well as the technique of introducing vanishingly small perturbations, from Case Study I. It also

uses multiple additional key concepts from the asymptotic analysis of stochastic systems.

— Functional CLT reduces complex processes to simple ones in the limit. This concept is used

to show that certain processes associated with the inventory system behave like “nice” Gaussian

processes as the lead time grows large.

— Continuity of optimization problems implies key quantities change slowly over time in the

limit. This concept is used to show that the policy one gets by repeatedly re-solving certain stochas-

tic programs behaves continuously, which is used to show that one can keep the system “near” the

desired ideal levels.

— Maximal inequalities show processes concentrate around their means. This concept is used

to show that certain stochastic processes indeed track their ideal levels, by showing that the (nor-

malized) deviations from these ideal levels (with high probability) never deviate far from zero

(uniformly).

5. Case Study I: Lost sales models with large lead times
5.1. Introduction to lost sales models with lead times.

5.1.1. High-level introduction. In many settings of practical relevance, if demand arrives

for a product and there is not enough inventory on-hand to meet that demand, then that demand

is lost to the system (and cannot be met at a later date). The canonical example here is the retail

industry, where a potential customer may simply go to a different supplier in case of an out-of-stock

event (Bijvank and Vis (2011)). Another important feature in many inventory systems is a lead

time, i.e. a delay between when an order for new inventory is placed, and the time at which the
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supplier receives that inventory, due e.g. to the need to transport, manufacture, etc. additional

product (Minner (2003)). In inventory models with a positive lead time, the state-space of the

underlying dynamic program becomes high-dimensional (with the dimension growing linearly in

the lead time), since one must account for all outstanding orders which have already been placed

but not yet received. We note that this makes the large lead time regime interesting both due to

the fact that in many applications it is at least moderately large, and also because it is exactly the

setting of large lead times in which methods such as dynamic programming become intractable.

5.1.2. Literature review prior to recent progress using asymptotic analysis. In the

same paper that essentially “solved” inventory models with backlogging and positive lead times

by showing that the high-dimensionality of the underlying dynamic programs collapses and the

problem becomes (effectively) 1-dimensional, Karlin and Scarf (1958) observe that no such sim-

plification occured in the setting of lost sales and positive lead times. Indeed, much of the early

literature on such lost sales models with positive lead times was of such a negative nature (Yaspan

(1961), Morton (1969)). As such, the natural formulation of the problem as a dynamic program

becomes high-dimensional as the lead time grows large, rendering known computational methods

intractable due to the curse of dimensionality. Until the mid 2000’s, much of the subsequent liter-

ature thus focused on analyzing a vast array of heuristics for this problem, typically without any

performance guarantees. Some work also proved limited structural properties of heuristics, and in

some cases the optimal policy itself. For a comprehensive overview of such work, and also other

related variants of lost sales models, we refer the interested reader to the excellent survey by Bij-

vank and Vis (2011). A particularly relevant example of such a result here (as we will later see) is

the work of Reiman (2004), who proves some asymptotic comparisons between the constant-order

policy and certain base-stock policies. Here we recall that a constant-order policy is one in which

the same constant amount is ordered in every period (or depending on the problem at some fixed

intervals), independent of the state of the system. Starting in the mid-2000’s, a sequence of results

substantially improved our understanding of these models. First, Zipkin (2008) proves that (under

a certain transformation) the value function associated with the natural dynamic program for this

problem has a property called L\-convexity”(analogous to convexity) (Zipkin (2008a)). Next, Levi

et al. (2008) prove that a certain tractable balancing heuristic yielded a 2-approximation for the

problem (i.e. incurs at most twice the expected cost of an optimal policy). Substantial progress

was also made regarding algorithms which could efficiently solve the relevant dynamic programs

when the lead time is small (Chen, Dawande and Janakiraman (2014), Halman et al. (2009)),

and additional progress was made using various methods in approximate dynamic programming

and stochastic control (Brown and Smith (2014)). For a numerical comparison of several of these
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algorithms and heuristics, we refer the interested to Zipkin (2008). However, the fundamental

question of how to compute nearly optimal policies for such models when the lead

time is large remained a fundamentally open problem.

5.1.3. Overview of recent progress using asymptotic analysis. In the last decade,

asymptotic analysis has transformed our understanding of the optimal policy for such systems

when the lead time is large. There were two main strands of work along these lines. Both assume

the simplest non-trivial setup and cost structure, in which time is discrete, there is a single product,

demand is i.i.d. from a known distribution, order quantities and demands can be fractional, and

there are two types of costs incurred. First, there is a linear per-unit holding cost incurred in every

period for each unit of on-hand inventory, where we note that no cost is incurred for inventory in

the pipeline vector. Second, there is a linear per-unit lost-sales penalty incurred in every period

for each unit of inventory which is lost. We note that such a simple setup with linear costs is the

“canonical model” in this context, going back to the original work of Karlin and Scarf (1958), and

that many other cost structures are equivalent to this one under an appropriate transformation.

In all cases, we restrict our discussion to the corresponding stationary/infinite-horizon problem in

which the objective is to minimize the long-run average cost, although several of the results also

hold in the finite horizon setting (Goldberg et al. (2016)).

Work showing that a base-stock policy is asymptotically optimal as the lost sales

penalty grows large. Huh et al. (2009) show that if one fixes the holding cost, lead time,

and demand distributions, and lets the lost sales penalty grow large, then a base-stock policy

is asymptotically optimal, where we note that (as discussed in Zipkin (2008)) such a heuristic

had been proposed multiple times in the literature (although never rigorously justified). This is

intuitive, as when the lost sales penalty is very large, any policy that performs well (including the

optimal policy) must keep the inventory level sufficiently high such that almost no losses incur (or

the expected cost would be too high). But in such a regime, the fact that unfulfilled demand is

lost (as opposed to backlogged) hardly matters, since essentially no demand goes unfulfilled. Thus

the policy which is optimal in the setting of backlogged demand, which is (as previously noted)

a simple base-stock policy, will similarly be (at least approximately) optimal in the lost sales

case when this penalty is large. We note that as the optimal base-stock level can be computed

efficiently by solving a convex program, this leads to efficient approximately optimal policies. In

this setting, the lead time can be any fixed (possibly large) integer, which is held fixed as the

lost sales penalty grows large. We also note that the setting of large lost sales penalty (relative

to e.g. holding costs) arises in several applications, and point the reader to Huh et al. (2009)
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for further details. The main proof technique involves: 1. proving several formal comparisons (in

the sense of stochastic comparison (Muller and Stoyan (2002)) between lost sales models and

simpler backlogging models under related problem parameters; and 2. proving that as the lost

sales penalty grows large, certain features of the problem become asymptotically negligible due to

the fact that any optimal policy will ensure that very little demand is lost.

Work showing that a constant-order policy is asymptotically optimal as the lead

time grows large. Xin and Goldberg (2016) show that if one fixes the holding cost, lost sales

penalty, and demand distribution, and lets the lead time grow large, then a constant-order policy

is asymptotically optimal, where we note that the use of constant-order policies for such problems

was introduced in Reiman (2004), and further supported numerically in Zipkin (2008). This is

again intuitive, as when the lead time is very large, such a significant amount of randomness is

injected into the system between when an order for more inventory is placed and when the order

is received, that “being smart” algorithmically provides almost no benefit, and thus one might as

well use an open-loop policy. We note that Xin and Goldberg (2016) actually explicitly bound the

optimality gap, with the optimality gap decaying to zero at least as fast as the exponential rate of

convergence of the expected waiting time in a related single-server queue to its steady-state value.

We also note that here the “best” constant to use in the constant-order policy does not depend

on the lead time (as when the same constant is ordered in every period the lead time becomes

irrelevant in steady-state), and that this optimal constant can be computed by solving a convex

program related to the waiting time in a single-server queue (Xin and Goldberg (2016)). The main

proof technique involves: 1. showing that over a single lead time the on-hand inventory behaves

like a certain queueing system; and 2. applying convexity-type arguments (including Jensen’s

inequality) and several additional bounds to show that a constant-order policy performs nearly

optimally, with the constant (intuitively) coinciding with the expected value of each component

of the random pipeline vector induced by an optimal (stationary) policy. We note that previously

Goldberg et al. (2016) have derived a similar result (in the finite-horizon setting, and under

different assumptions) using a more complicated coupling argument; and that closely related

convexity arguments appeared previously in the work of Hajek (1983).

5.2. Formal model and problem statement.

In this section, we formally define the lost-sales inventory model and optimization problem. The

inventory system consists of a single item, with integer lead time L, to be managed in discrete

time. We assume demand is i.i.d., and let {Dt, t≥ 1} be an associated sequence of i.i.d. demand

realizations, distributed as the non-negative r.v. D with distribution D, which we assume to have
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finite mean, and (to rule out certain trivial degenerate cases) to have strictly positive variance. At

each time t, the system evolves as follows.

• A new amount of inventory (ordered L periods ago and now at the head of the pipeline vector)

is delivered and added to the on-hand inventory.

• A new order is placed (to be received in L periods, initially joins the end of the pipeline vector).

• The demand in period t is realized.

• The on-hand inventory and pipeline vector are updated.

• Costs for period t are incurred.

5.2.1. Formal definition of inventory control policy. The goal is to select an inventory

control policy π, which consists of a mapping from states (in principle also entire histories) of the

inventory system to order quantities. Namely, a feasible policy π will be equated with the valid

definition of a discrete-time ordering process {oπt , t ≥ 1}. We now describe the set of admissible

policies π = {oπt , t ≥ 1}. First it will be helpful to formalize two additional processes implicitly

defined by a policy π (along with initial conditions).

• There is an L-dimensional pipeline vector process {xπ,t, t ≥ 1}, with xπ,ti equal to oπt−(L−i+1)

for t≥L+ 1 and i∈ [1,L]. Note that xπ,t+1
i = xπ,ti+1 for i∈ [1,L− 1], while xπ,t+1

L = oπt .

• There is an inventory process {Iπt , t≥ 1}, defined through the dynamical inventory equation

Iπt+1 = max
(
0,Iπt +xπ,t1 −Dt

)
.

Then we say that a policy π= {oπt , t≥ 1} is admissible if it satisfies the following properties.

• Adaptivity. Letting F denote the filtration generated by the demand process, we require

that πt is adapted to Ft−1 for all t≥ 1.

• Non-negativity. We require that π is non-negative.

We let Π denote the set of all admissible policies.

5.2.2. Formal problem statement We assume a per-unit linear inventory holding cost of h

per unit of time; and per-unit linear lost sales penalty of p per unit of time. Thus under a given

admissible policy π, at each time t an expected inventory cost Cπ(t)
∆
= hE

[ (
Iπt +xπ,t1 −Dt

)+ ]
+

pE
[ (
Iπt +xπ,t1 −Dt

)− ]
is incurred. We then define the long-run average cost of a policy π as Cπ ∆

=

limsupT→∞
1
T

∑T

t=1 Cπ(t). In that case, the formal problem of interest is infπ∈ΠC
π.

5.3. Detailed overview of Huh et al. (2009).

We now review the results and approach of Huh et al. (2009). We begin by making several additional

definitions. Let OPT(L,h,D, p) ∆
= infπ∈ΠC

π, i.e. the optimal value with the dependence on the
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underlying parameters L,h,D, p made explicit. Let ORDERUPL
(
L,h,D, p,S

)
denote the expected

long-run performance of the following policy: if the inventory position is less than S, order an

amount of inventory which brings it up to S; else order nothing. Here we recall that the inventory

position is the sum of all orders in the pipeline and the on-hand inventory. Namely, this coincides

with the performance of a base-stock policy for the associated lost sales system, where we recall

that such a policy (with appropriate S) is actually optimal for the corresponding system in which

demand is backlogged (instead of lost). Finally, let ORDERUPB
(
L,h,D, b,S

)
be the expected

long-run performance of the same exact policy, but implemented in a system in which demand is

backlogged instead of lost, where this system with backlogging incurs a linear holding cost of h

and a linear backlogging penalty of b. As systems with backlogging will not be the primary object

of study, we will not formally define this system here, instead referring the reader to Huh et al.

(2009) for further details.

5.3.1. Stochastic comparison between lost sales and backlogging models. The proof

of Huh et al. (2009) relies heavily on two stochastic comparison results, which compare the costs

incurred by various policies (optimal or otherwise) in backlogging and lost sales models with related

(but different) parameters. We begin by stating the two stochastic comparison results, which were

proven earlier in Janakiraman et al. (2007).

Lemma 1.

1. OPT(L,h,D, p)≥ infS ORDERUPB
(
L,h,D, p

L+1
, S
)
.

2. infS ORDERUPL
(
L,h,D, p,S

)
≤ infS ORDERUPB

(
L,h,D, p+L×h,S

)
.

Note that the first part of Lemma 1 states that the optimal cost in a lost sales system with one

set of parameters is at least the optimal cost in a related inventory system with backlogging cost

a fraction of the lost sales penalty in the original lost sales system, which follows from the fact

that a base-stock policy is optimal for the associated system with backlogging (and thus the

optimal value is achieved by minimizing over S). The second part of the lemma states that the

cost incurred by a (suboptimal) base-stock policy in a lost sales system with one set of parameters

is at most the optimal cost in a related inventory system with backlogging cost a multiple of the

lead time larger than the lost sales penalty in the original lost sales system.

Proof sketch of Lemma 1: For simplicity, suppose D has support on the positive integers (this is

not needed, but will simplify our exposition here), and that OPT(L,h,D, p) is attained by some

policy πL. We proceed by showing that (under an appropriate coupling between the systems and

policies) the total cost incurred by πL in the first t periods (under the empty initialization) exceeds
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that incurred in a different inventory system in which demand is backlogged (instead of lost) and

in which decisions are made by a carefully constructed suboptimal (i.e. not base-stock) policy,

where we note that the desired long-run-average result then follows from a limiting argument

(the details of which we omit here). Thus let inventory system SL be the lost sales system with

parameters L,h,D, p (under the empty initialization), operating under the optimal policy πL for

that system (note that πL is in general very complicated). Alternatively, let inventory system SB
be the backlogging system with parameters L,h,D, p

L+1
(under the empty initialization), operating

under the following non-standard inventory control πB, where we note that both systems (SL
and SB) will see the same (coupled) sequence of demands. The policy πB is non-standard in that

it maintains both a non-negative on-hand inventory, as well as a non-negative queue holding all

backlogged units of demand (allowing both of these to be positive at the same time, incurring both

a per-unit holding cost for every unit in the on-hand inventory and a per-unit backlogging cost for

every unit in the backlogging queue, in contrast to a standard policy which would always meet

as much backlogged demand as possible at each time), and also maintains two pipeline vectors

(a regular pipeline and a backlogged pipeline). It is also non-standard in that in each period, it

places two types of orders. First, in each period, it places a “regular” order which enters the back

of the regular pipeline (and arrives to the system L periods later, joining the on-hand inventory at

that time). The regular order it places is equivalent to the amount of inventory πL orders in that

same period (recall that demands are coupled in the two systems). Second, in each period it also

places a “backlogged” order equal to the number of units of demand that joined the backlogged

queue in the previous period, which enters the back of the backlogged pipeline and also arrives

L periods later. Here (in a given period) an arriving unit of demand joins the backlogged queue

if there is no on-hand inventory in that period to meet it. The policy πB also allocates units of

inventory to units of demand in a non-standard manner. In particular, when a unit of demand

first arrives, πB attempts to meet that demand using its on-hand inventory (derived entirely from

regular orders which have gone through the regular pipeline). Any units of demand that arrive and

cannot be satisfied in this way join the backlogged queue, to eventually be satisfied exclusively by

the backlogged order made in the following period (which by construction will be for exactly the

“right” amount to meet this backlogged demand, i.e. every unit of inventory which arrives from

the backlogged pipeline is immediately used to meet items in the backlogged queue, never joining

the on-hand inventory). We suppose that the decision of precisely which “units” of demand are to

be met if e.g. there is enough on-hand inventory to satisfy some but not all of the new units of

demand in a given period is made under some arbitrary indexing of the units of demand. Then

the following may be proven by natural induction arguments, where we omit the details here.
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1. The pipeline vector in SL and the regular pipeline vector in SB are equal at all times.

2. The on-hand inventory levels in SL and SB are equal at all times, and hence the holding costs

incurred in both systems are identical.

3. The amount of inventory in the backlogged pipeline in SB is at most the number of units of

demand in the backlogged queue (in SB) at all times.

4. The number of units of demand that join the backlogged queue in SB equals the number of

units of demand that are lost in SL, and each unit of demand that joins the backlogged queue in

SB spends exactly L + 1 time units in the backlogged queue. As the unit backlogging cost in SB is

exactly a 1
L+1

fraction of the lost sales penalty in SL, it follows that the lost sales penalties incurred

in SL are identical to the backlogging penalities incurred in SB (under an appropriate accounting

scheme).

It can also be shown that

• The total inventory and backlogging cost incurred by non-standard service mechanism πB in

SB is larger than the corresponding costs incurred in the same backlogging system under an optimal

base-stock policy, i.e. infS ORDERUPB
(
L,h,D, p

L+1
, S
)
, as the non-standard service mechanism is

suboptimal.

Combining the above completes the proof of the first comparison result. The second comparison

result again follows from arguments bounding the average cost of the relevant lost sales system by

that of the associated system with backlogging, and we omit the details.

5.3.2. Formal statement of asymptotic optimality and additional proof details. With

Lemma 1 in hand, we can now complete the proof of the main asymptotic result of Huh et al.

(2009). First, we formally introduce a certain technical condition from Huh et al. (2009), required

for their results to hold.

Definition 1 (Asymptotically sublinear mean residual life (ASMRL) Assumption).

Let us say that the demand distribution D has asymptotically sublinear mean residual life if either

D has bounded support, or limx→∞
E[D−x|D>x]

x
= 0.

Then the formal asymptotic optimality result proven in Huh et al. (2009) is the following.

Theorem 1. If D satisfies the ASMRL Assumption, then limp→∞
infS ORDERUPL

(
L,h,D,p,S

)
OPT(L,h,D,p) = 1.

Namely, order-up policies are asymptotically optimal as the lost-sales penalty grows to ∞.
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Proof sketch of Theorem 1: It follows from Lemma 1 that

infS ORDERUPL
(
L,h,D, p,S

)
OPT(L,h,D, p)

≤
infS ORDERUPB

(
L,h,D, p+L×h,S

)
infS ORDERUPB

(
L,h,D, p

L+1
, S
) .

That

lim
p→∞

infS ORDERUPB
(
L,h,D, p+L×h,S

)
infS ORDERUPB

(
L,h,D, p

L+1
, S
) = 1

then follows from several additional stochastic comparison arguments, combined with the basic

properties of the 1-period newsvendor problem, some straightforward algebra, and the ASMRL

Assumption, and we omit the details. We note that the intuition behind this final limit is that

so long as p→∞, whether the backlogging penalty is p+ L× h or p
L+1

does not really matter,

as in both cases the penalty for incurring any backlogging is so high that (up to lower order

considerations) neither system incurs an asymptotically meaningful amount of backlogging, where

we note that the ASMRL assumption intuitively ensures that paying a very high price on very

little backlogged demand still leads to an asymptotically negligible cost.

5.4. Detailed overview of Xin and Goldberg (2016).

We now review the results and approach of of Xin and Goldberg (2016). We begin by making several

additional definitions. Let us say that a policy π ∈ Π is stationary if there exists a measurable

function f :RL+1→R+ such that w.p.1, oπt = f
(
xπ,t,Iπt

)
for all t≥ 1. Due to the i.i.d. nature of

the demand process, it follows from the basic theory of MDP that there exists an optimal policy

π ∈Π which is stationary, and here we assume πL to be some fixed such stationary policy.

5.4.1. Formalizing the steady-state of πL and its properties. Here we formalize the

notion of the steady-state pipeline and inventory induced by πL, and review some important proper-

ties of the associated r.v.s. Note that πL induces an L+1-dimensional Markov chain (L dimensions

for the pipeline vector, 1 for the inventory level) with continuous state-space and discontinuous

dynamics, which are not easy to explicitly characterize or control (as the policy is in general defined

abstractly through certain dynamic programming and fixed-point equations). As discussed in Xin

and Goldberg (2016), it seems impossible to rule out e.g. the pathological situation that the Markov

chain induced by πL is (for example) periodic, or more generally does not induce a “nice” stationary

distribution. Fortunately, it can be shown through standard perturbative and limiting arguments

(i.e. perturb πL slightly to force regenerative behavior, and then let the perturbation size go to

zero) that there must exist a probability measure jointly on the pipeline vector and inventory

level with several intuitive and desirable properties, coinciding with how one would “expect” the

steady-state of such a stationary optimal policy to behave. In particular, the following is proven

in Xin and Goldberg (2016).
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Theorem 2. One may construct an L-dimensional random vector χ∗ (intuitively the steady-

state pipeline vector), r.v. I∗ (intuitively the steady-state inventory level), and {Di, i ≥ 1} on a

common probability space such that the following are true.

1. (χ∗,I∗) is w.p.1 non-negative, has finite mean, and is independent of {Di, i≥ 1}.

2. E[I∗] = E
[
maxj=0,...,L

(∑j

i=1(χ∗L+1−i−DL+1−i) + δj,LI∗
)]
.

3. E[χ∗i ] =E[χ∗1]≤E[D1] for all i.

4. hE[I∗] + pE[D1]− pE[χ∗1] = OPT(L,h,D, p).

Here we note that Theorem 2.(2) follows from the max-plus style updates dictated by the dynamic

inventory equations, and the celebrated Lindley recursion which shows that such a process has

a supremum-type representation (Lindley (1952)). We also note that Theorem 2.(3) follows from

stationarity and the manner in which the pipeline vector updates over time.

5.4.2. Applying convexity over a lead time. Next, we observe that since the demands

over a lead time are necessarily independent from the orders received over that lead time and the

inventory level at the start of that lead time, the right-hand side of Theorem 2.(2) is a jointly

convex function of χ∗ and I∗ (for each fixed realization of {Di, i= 1, . . . ,L}), which will allow us

to apply the (conditional) multi-variate Jensen’s inequality, to conclude the following.

Lemma 2.

E[I∗]≥E

[
max

j=0,...,L

(
jE[χ∗1]−

j∑
i=1

Di + δj,LE[I∗]

)]
≥E

[
max

j=0,...,L

(
jE[χ∗1]−

j∑
i=1

Di

)]
.

Combining Theorem 2.(4) with Lemma 2, we conclude the following.

Corollary 1.

OPT(L,h,D, p)≥ hE

[
max

j=0,...,L

(
jE[χ∗1]−

j∑
i=1

Di

)]
+ pE[D1]− pE[χ∗1].

5.4.3. Connecting to the constant-order policy. As we will now see, the bound of Corol-

lary 1 looks very similar to the performance of the constant-order policy which always orders E[χ∗1]

in every period. Indeed, we now review in greater depth the constant-order policy, and characterize

the best constant-order policy. For any r ∈ [0,E[D1]), the constant-order policy πr is the policy

that places the constant order r in every period. It is well-known that for any such r ∈ [0,E[D1]),

the sequence of on-hand inventory levels in the associated lost sales system (controlled by πr and

initially empty) converges in distribution, and in expectation, to a limiting r.v. with finite mean,

which we denote by Ir∞. Ir∞ has the same distribution as the steady-state waiting time in the cor-

responding GI/GI/1 queue with interarrival distribution D and processing time distribution the

constant r. It is well-known (e.g. Asmussen (2003), again due to Lindley’s recursion) that Ir∞ ∼
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supj≥0

(
jr−

∑j

i=1Di

)
. It follows that for any r ∈ [0,E[D1]), the long-run average cost incurred by

the corresponding constant-order policy equals

CONST
(
L,h,D, p, r

)
= hE

[
sup
j≥0

(
jr−

j∑
i=1

Di

)]
+ pE[D1]− pr, (1)

independent of the lead time L.

Note that by combining Corollary 1 and (1), we immediately derive the following bound on the

performance of the constant-order policy which orders E[χ∗1] in every period. Here we recall that

E[χ∗1] really depends on L (as well as h,D, p) as it is derived from the behavior of the optimal

policy πL, and here we make this dependence explicit through the notation χ∗1(L,h,D, p). Then

we deduce the following bound.

Corollary 2. CONST
(
L,h,D, p,E

[
χ∗1(L,h,D, p)

])
−OPT(L,h,D, p) is at most

h

(
E

[
sup

j=0,...,∞

(
jE
[
χ∗1(L,h,D, p)

]
−

j∑
i=1

Di

)]
−E

[
max

j=0,...,L

(
jE
[
χ∗1(L,h,D, p)

]
−

j∑
i=1

Di

)])
.

Although we will later see that such differences between suprema can in some sense be nicely

controlled, to do so we would have to have some concrete understanding of E[χ∗1], and especially

the gap E[D1] − E[χ∗1]. Although some relevant (yet crude) bounds are derived in Goldberg et

al. (2016), here we will take a more refined approach which allows us to sidestep this lack of

understanding of E
[
χ∗1(L,h,D, p)

]
.

Indeed, as it is easily verified from (1) that CONST
(
L,h,D, p, r

)
is a convex function of

r on [0,E[D1]), to find the best possible constant-order policy, it suffices to select the r

minimizing this one-dimensional convex function over the compact set [0,E[D1]]. Let r∞ ∈

arg min0≤r≤E[D1] CONST
(
L,h,D, p, r

)
denote the infimum of this set of optimal constant-order

levels, in which case the best constant-order policy will refer to πr∞ . For r ∈
[
0,E[D1]

]
and L≥ 1,

let CL(r)
∆
= hE

[
maxj=0,...,L

(
jr−

∑j

i=1Di

)]
+ pE[D1] − pr, and let rL denote the infimum of

arg minr∈[0,E[D1]]CL(r). We also define C∞(r) to be the associated function with L=∞, which we

note coincides with CONST
(
L,h,D, p, r

)
, and thus the previously defined quantity r∞ is consistent

also with this new definition. Indeed, note that CL(r) is a certain “truncation” of the expression

describing the performance of the constant-order policy, in which the relevant supremum is

only taken over L periods. Then the following more refined optimality gap is proven in Xin and

Goldberg (2016), which side-steps the problem of needing to know E[χ∗1] (as in Corollary 2).
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Lemma 3. CONST
(
L,h,D, p, r∞

)
−OPT(L,h,D, p) is at most

h

(
E
[
sup
j≥0

(jr∞−
j∑
i=1

Di)
]
−E

[
max

0≤j≤L
(jr∞−

j∑
i=1

Di)
])

+ h

(
E
[

max
0≤j≤L

(jr∞−
j∑
i=1

Di)
]
−E

[
max

0≤j≤L
(jrL−

j∑
i=1

Di)
])

− p(rL− r∞).

Proof sketch of Lemma 3: Corollary 1 implies that

OPT(L,h,D, p) ≥ hE

[
max

j=0,...,L

(
jE[χ∗1]−

j∑
i=1

Di

)]
+ pE[D1]− pE[χ∗1]

= CL(E[χ∗1]) ≥ CL(rL)

= hE
[

max
j=0,...,L

(
jrL−

j∑
i=1

Di

)]
+ pE[D1]− prL.

Combining with (1) and some straightforward algebra then completes the proof.

5.4.4. Formal statement of asymptotic optimality and additional proof details. For

θ≥ 0, let us define

φ(θ)
∆
= exp(θr∞)E[exp(−θD1)] , γ

∆
= inf

θ≥0
φ(θ),

and ϑ ∈ arg minθ≥0 φ(θ) denote the supremum of the set of minimizers of φ(θ), where we define ϑ

to equal ∞ if the above infimum is not actually attained. It follows from definitions and standard

arguments with generating functions (see Xin and Goldberg (2016)) that r∞ < E[D1], ϑ > 0, and

γ ∈ [0,1). It follows from the celebrated Cramér’s Theorem (Deuschel and Strook (1989)), and

more generally the theory of large deviations, that up to exponential order P(kr∞ ≥
∑k

i=1Di)

decays like γk as k→∞. Let g(h,D, p) ∆
= infx∈RE

[
h(x−D)+ + p(x−D)−

]
> 0, and Q denote the

p
p+h

quantile of the demand distribution, where we note that Q is the optimal order quantity in

the single-stage newsvendor problem and OPT(L,h,D, p) ≥ g(h,D, p), which (when there is no

ambiguity) we will simply denote by g.

Then the formal asymptotic optimality result proven in Xin and Goldberg (2016) is the following.

Theorem 3. For all L≥ 1,

CONST
(
L,h,D, p, r∞

)
OPT(L,h,D, p)

≤ 1 +h
(
(1− γ)g

)−1
(
E[D1]− r∞+

(
eϑ(L+ 1)

)−1
)
γL+1. (2)

Namely, constant-order policies are asymptotically optimal as the lead time grows to ∞, with the

(relative) optimality gap decaying exponentially at rate γ.
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The formal proof proceeds by bounding each of the terms appearing in Lemma 3. A key insight is

that expectations of maxima of random walks (such as those appearing in Lemma 3) have an elegant

representation through the celebrated Spitzer’s identity (Spitzer (1956)), which can be used to

bound several of the relevant terms (combined with closely related arguments of Kingman (1962)).

The remaining terms are bounded by using the fact that rL(r∞) is a minimizer of the convex

function CL(r)
(
C∞(r)

)
, and applying the relevant first-order optimality conditions (along with the

fact that r∞ ≤ rL, also proven in Xin and Goldberg (2016), and a straightforward application of

Chernoff’s bound).

6. Case Study II: Dual-sourcing models with large lead time gap
6.1. Introduction to dual-sourcing models with lead time gap.

6.1.1. High-level introduction. Dual-sourcing is a common practice in supply chain man-

agement, in which a company usually purchases its materials from a regular supplier at a lower

cost, but is also able to obtain materials from an expedited supplier at a higher cost when needed.

For example, in the summer of 2003, Amazon used FedEx to deliver the new Harry Potter more

promptly and maintained regular shipping via UPS (Kelleher (2003), Veeraraghavan and Scheller-

Wolf (2008)). Similarly, Allon and van Mieghem (2010) describe an example of a U.S. company that

has two suppliers, one in Mexico and one in China. The Mexican supplier has shorter lead time but

higher ordering cost; the Chinese supplier has longer lead time and lower ordering cost. The com-

pany takes advantage of the dual-sourcing strategy to meet their demand more efficiently. Although

dual-sourcing is practically attractive, optimizing a dual-sourcing inventory system is notoriously

challenging, as the state-space of the underlying dynamic program becomes high-dimensional (with

the dimension growing linearly in the gap between the regular and expedited lead times).

6.1.2. Literature review prior to recent progress using asymptotic analysis.

Although dual-sourcing systems have been studied since the 1960’s, the structure of the optimal

policy remains poorly understood, with the exception of when the system is consecutive, i.e.,

the lead time difference between the two sources is exactly one. Early studies of periodic review

dual-sourcing inventory models include Barankin (1961), Daniel (1963), Neuts (1964), which

showed that base-stock policies are optimal when the lead times of the two sources are zero and

one respectively. Fukuda (1964) extends the result to general lead time settings as long as the

lead time difference remains one. Whittmore and Saunders (1977) show that the optimal policy

is no longer a simple base-stock policy when the lead time difference is larger than one. In the

subsequent decades, a vast literature has arisen for such models, and we refer the interested

reader to the survey of Minner (2003), as well as e.g. the more recent works of Feng et al. (2006),

Fox et al. (2006), Chen, Xue and Yang (2013), Huggins and Olsen (2010), Angelus and Özer
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(2015), Boute and Van Mieghem (2015), Gong, Chao and Zheng (2014), Song and Zipkin (2009),

and the references therein. As an exact solution seems out of reach, researchers have instead

investigated certain structural properties of the optimal policy (Hua et al. (2014)), and analyzed

various heuristic policies including single index (SI) policies (Scheller-Wolf, Veeraraghavan and

van Houtum (2008)), dual index (DI) policies (Veeraraghavan and Scheller-Wolf (2008)), and

additional policies (Sheopuri, Janakiraman and Seshadri (2010), Boute and Van Mieghem (2015)).

A simple policy that is implemented in practice, and which will be quite relevant to our subsequent

analysis, is the so-called Tailored Base-Surge (TBS) policy. It was first proposed and analyzed

in Allon and van Mieghem (2010), where we note that closely related standing order policies

had been studied previously (Rosenshine and Obee (1976), Janssen and De Kok (1999)). Under

such a TBS policy, a constant order is placed at the regular source in each period to meet a

base level of demand, while the orders placed at the express source follow an order-up-to rule

to manage demand surges. We refer to Mini-Case 6 in Van Mieghem (2008) for more about

the motivation and background of TBS policies. Note that dual-sourcing inventory systems in

which a constant-order policy is implemented for the regular source are essentially equivalent

to single-sourcing inventory systems with constant returns, which have been investigated in the

literature (Fleischmann and Kuik (2003), DeCroix, Song and Zipkin (2005)). Allon and van

Mieghem (2010) analyze TBS policies in a continuous review model, and their focus was to find

the best TBS policy. Numerical results in Klosterhalfen, Kiesmüller and Minner (2011) and Rossi,

Rijpkema and van der Vorst (2012) show that TBS policies are comparable to DI policies, and

outperform DI policies for some problem instances. Allon and van Mieghem (2010) conjecture

that the TBS policy performs more effectively as the lead time difference between the two sources

grows. Janakiraman et al. (2015) analyze a periodic review model and studied the performance of

TBS policies. They provide an explicit bound on the performance of TBS policies compared to

the optimal one when the demand had a specific structure, and provide numerical experiments

suggesting that the performance of the TBS policy improves as the lead time difference grows

large. However, the fundamental question of why TBS policies seem to perform so

well, and more generally the question of how to compute nearly optimal policies for

such models when the lead time gap is large, remained fundamentally open problems.

6.1.3. Overview of recent progress using asymptotic analysis. Recently, substantial

progress was made towards answering these fundamental questions using asymptotic analysis. In

particular, it was shown in Xin and Goldberg (2017) that when the lead time of the express source

is held fixed (along with the relevant costs and demand distribution), a simple TBS policy is
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asymptotically optimal as the lead time of the regular source grows large. Furthermore, as the

“best” TBS policy can be computed by solving a convex program that does not depend on the

lead time of the regular source (Janakiraman et al. (2015)), these results lead directly to very

efficient algorithms (with complexity independent of the lead time of the regular source) with

asymptotically optimal performance guarantees. Xin and Goldberg (2017) also provide explicit

bounds on the optimality gap, showing it decays inverse-polynomially in the lead time of the

regular source. Perhaps most importantly, since some companies are already implementing such

TBS policies (Allon and van Mieghem (2010)), these results provide theoretical support for the use

of TBS policies in practice. The main proof technique can be viewed as a much more sophisticated

implementation of the technique used by Xin and Goldberg (2016) in Case Study I above. In

particular, the proof involves: 1. applying convexity-type arguments (specifically the conditional

Jensen’s inequality) to show that over a single lead time the dual-sourcing optimization problem

can be “lower-bounded” by a much simpler inventory optimization problem in which the same

constant (intuitively the expected amount ordered by an optimal stationary policy from the regular

source) is always ordered from the regular source; 2. recognizing that a stationary base-stock

policy is asymptotically optimal for this simpler problem; and 3. showing that this lower bound

is asymptotically matched by the TBS policy which (intuitively) orders the same constant from

the regular source and applies the same base-stock policy at the express source. To formalize these

arguments, additional methodologies from the MDP literature such as the vanishing discount factor

approach (in which the long-run-average problem is approximated by a sequence of stationary

discounted problems) are applied as well.

6.2. Formal model and problem statement.

In this section, we formally define the dual-sourcing inventory model and optimization problem.

For simplicity, we will restrict ourselves to the setting in which the express source has lead time

zero, which captures essentially all of the complexity of the problem, and refer the reader to Xin

and Goldberg (2017) for the more general results which hold for any fixed lead time at the express

source, and which are very similar in nature to the results for the zero express lead time case. The

inventory system consists of a single item, with lead time 0 from the express source and lead time

L from the regular source, to be managed in discrete time. We assume demand is i.i.d., and let

{Dt, t≥ 1} be an associated sequence of i.i.d. demand realizations, distributed as the non-negative

r.v. D with distribution D, which we assume to have finite mean, and (to rule out certain trivial

degenerate cases) to have strictly positive variance. We also suppose demand is backlogged, which

in the dual-sourcing setting is consistent with the literature and in which the curse of dimensionality

manifests (recall that in the single-source setting the backlogged case is easy). At each time t, the

system evolves as follows.
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• A new amount of inventory (ordered L periods ago and now at the head of the pipeline vector)

is delivered and added to the on-hand inventory.

• New orders are placed from the regular source (to be received in L periods, initially joins the

end of the pipeline vector) and from the express source (received immediately).

• The demand in period t is realized.

• The on-hand inventory and pipeline vector are updated.

• Costs for period t are incurred.

6.2.1. Formal definition of inventory control policy. The goal is to select an inventory

control policy π, which consists of a mapping from states (in principle also entire histories) of

the inventory system to order quantities. Namely, a feasible policy π will be equated with the

valid definition of two discrete-time ordering processes: {oπ,Rt , t≥ 1} (the ordering process from the

regular source) and {oπ,Et , t≥ 1} (the ordering process from the express source). We now describe the

set of admissible (i.e. feasible) policies π= {(oπ,Rt , oπ,Et ), t≥ 1}. First it will be helpful to formalize

two additional processes implicitly defined by a policy π (along with initial conditions).

• There is an (L-1)-dimensional truncated regular pipeline vector process {xπ,t, t≥ 1}, with xπ,ti

equal to oπ,Rt−L+i for t≥L and i∈ [1,L−1]. Note that xπ,t+1
i = xπ,ti+1 for i∈ [1,L−2], and xπ,t+1

L−1 = oπ,Rt .

In contrast to the lost sales setting, here we use an “accounting trick” by letting the “on-hand

inventory” at time t represent said inventory after receiving the regular order in that period. Noting

that the regular order to be received in period t+1 is that which, from the perspective of period t,

was ordered (only) L−1 periods in the past (as opposed to L periods in the past), it turns out that

under such an accounting trick one can express all relevant updates of the system without ever

explicitly tracking the regular order placed L periods before time t, and may instead track only

the L− 1 most recent regular orders. This leads to the above notion of truncated regular pipeline,

allowing us to reduce the dimension of the regular pipeline vector. Although not a major conceptual

difference, such non-standard accounting turns out to simplify several manipulations relevant to

the dual-sourcing problem (Sheopuri, Janakiraman and Seshadri (2010), Xin and Goldberg (2017)),

and e.g. reduces the relevant notion of lead time to the gap between the the regular and expedited

lead times in the setting of a general expedited lead time. We note that in the lost sales setting (i.e.

Case Study I), such reductions were not used, and as such (for simplicity) we never fully specified

certain analogous details (instead leaving them implicit).

• There is an inventory process {Iπt , t≥ 1}, defined through the dynamical inventory equation

Iπt+1 = Iπt + xπ,t1 + oπ,Et −Dt. As noted above, Iπt represents the inventory level after receiving the

regular order in that period.
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Then we say that a policy π = {(oπ,Rt , oπ,Et ), t ≥ 1} is admissible if it satisfies the following

properties.

• Adaptivity. Letting F denote the filtration generated by the demand process, we require

that πt is adapted to Ft−1 for all t≥ 1.

• Non-negativity. We require that π is non-negative.

We let Π denote the set of all admissible policies.

6.2.2. Formal problem statement We assume per-unit linear inventory holding cost of h

per unit of time; and per-unit linear backlogging penalty of b per unit of time. It is known that one

can reduce the problem to that in which the regular source has zero cost, and we hence assume

that here, supposing a per-unit linear ordering cost of c from the express source. We also let G(y)

be the sum of the holding and backlogging costs when the inventory level equals y in the end of

a time period, i.e. G(y)
∆
= hy+ + by−. Then under a given admissible policy π, at each time t an

expected inventory cost Cπ(t)
∆
=E

[
c× oπ,Et +G

(
Iπt + oπ,Rt + oπ,Et −Dt

)]
is incurred. We then define

the long-run average cost of a policy π as Cπ ∆
= limsupT→∞

1
T

∑T

t=1 Cπ(t). In that case, the formal

problem of interest is infπ∈ΠC
π.

6.3. Detailed overview of Xin and Goldberg (2017).

We now review the results and approach of of Xin and Goldberg (2017). We let OPT(L) denote

infπ∈ΠC
π, with the given regular lead time specified.

6.3.1. Formalizing the steady-state induced by an optimal policy and its properties.

As in Xin and Goldberg (2016), first we will formalize the notion of a stationary optimal policy

here, and the steady-state induced by the associated Markov chain. In contrast to Xin and Goldberg

(2016), here the relevant questions of existence, convergence, etc. are even more subtle (in part

due to the lack of boundedness from below, as well as the lack of “natural” regeneration points),

as explained in Xin and Goldberg (2017). They again overcome this by proving the existence of

certain random vectors with the relevant properties such a stationary distribution would naturally

have, through a more sophisticated perturbation and limiting argument Xin and Goldberg (2017).

In particular, the following result is proven in Xin and Goldberg (2017), in analogy with Theorem

2 from Case Study I.

Theorem 4. For all L ≥ 1, one may construct an (L − 1)-dimensional random vector χ∗,L

(intuitively the steady-state truncated regular pipeline vector), an L-dimensional random vector
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q∗,L (intuitively the steady-state vector of expedited orders to be placed over the next L periods

including the current period), and a random variable I∗,L (intuiutively the net on-hand inventory

after receiving the regular order in the current period), as well as {Di, i ≥ 1}, on a common

probability space such that the following are true. Here q∗,L1 is intuitively the expedited order placed

in the “current” period (i.e. the period in which the on-hand inventory after receiving the regular

order is I∗,L), while q∗,LL is intuitively the expedited order placed L periods into the future (in

which regular order χ∗,LL−1 is received).

1. W.p.1 (χ∗,L,q∗,L) is non-negative. Also, (χ∗,L,I∗,L) is independent of {Di, i≥ 1}, and q∗,Li is

independent of {Dj, j ≥ i} for i∈ [1,L].

2. χ∗,Li ∼ χ
∗,L
1 for i∈ [1,L− 1], and q∗,Li ∼ q

∗,L
1 for i∈ [1,L].

3. For all k ∈ [1,L],

I∗,L +
k−1∑
i=1

(q∗,Li +χ∗,Li −Di) + q∗,Lk −Dk ∼I∗,L + q∗,L1 −D1.

4. (χ∗,L,q∗,L,I∗,L) has finite mean.

5. E[χ∗,L1 ] +E[q∗,L1 ] =E[D1].

6.

OPT(L)≥ c
(
E[D1]−E[χ∗,L1 ]

)
+E

[
G
(
I∗,L + q∗,L1 −D1

)]
.

6.3.2. Vanishing discount factor approach. Although Theorem 4.(6) relates OPT(L) to

a certain expectation, it will be convenient to further simplify Theorem 4 by rewriting in terms

of a certain infinite-horizon discounted problem, which will later help us formally connect to a

TBS policy since such discounted problems have stationary optimal policies (as the TBS policy

is stationary in nature). We will then “close the loop” by using the fact that by general MDP

theory, as the discount factor approaches one the discounted problem should (in an appropriate

sense) “converge” to the original long-run-average (non-discounted) problem. More precisely, we

introduce a discount factor α to implement the so-called “vanishing discount factor” approach to

analyzing infinite-horizon MDP (Huh, Janakiraman and Nagarajan (2011)), which will allow for a

simpler analysis when we pass to the limit as L→∞ since the “simpler” inventory optimization

problem arising from our lower bound (after applying the conditional Jensen’s inequality) will

then be stationary. Formally, Theorem 4 (combined with some straightforward algebra) implies the

following corollary. Let rL
∆
=E[χ∗,L1 ].
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Corollary 3. For all L≥ 2 and α∈ (0,1),

OPT(L) ≥ c (E[D1]− rL) +
1−α
1−αL

L∑
k=1

αk−1E
[
G
(
I∗,L + q∗,L1 −D1

)]
≥ c (E[D1]− rL) + (1−α)

L∑
k=1

αk−1E

[
G

(
I∗,L +

k−1∑
i=1

(q∗,Li +χ∗,Li −Di) + q∗,Lk −Dk

)]
.

6.3.3. Applying the conditional Jensen’s inequality and relating to a single-source

inventory model. We now apply the conditional Jensen’s inequality to Corollary 3, which will

allow us to lower-bound OPT(L) by the optimal value of a certain finite-horizon discounted single-

source inventory model with backlogged demand. We will then relate this finite-horizon problem

to an associated infinite-horizon discounted problem, which has an optimal stationary policy. Fur-

thermore, we will connect the behavior of such an optimal stationary policy to the performance of

an associated TBS policy, ultimately allowing us to prove our main results. In particular, it follows

from Theorem 4 and the independence structure of the relevant r.v.s that for k ∈ [1,L],

E
[
I∗,L +

k−1∑
i=1

(q∗,Li +χ∗,Li −Di) + q∗,Lk −Dk

∣∣∣∣D[k]

]
=

E[I∗,L] +
k−1∑
i=1

(E[q∗,Li |D[i−1]] + rL−Di) +E[q∗,Lk |D[k−1]]−Dk.

Further combining with Corollary 3, the convexity of G, and Jensen’s inequality for conditional

expectations, we obtain the following result.

Proposition 1. For any α∈ (0,1) and L≥ 2, OPT(L)− c (E[D1]− rL) ≥

(1−α)
L∑
k=1

αk−1E

[
G

(
E[I∗,L]− rL +

k−1∑
i=1

(
E[q∗,Li |D[i−1]]− (Di− rL)

)
+E[q∗,Lk |D[k−1]]− (Dk− rL)

)]
.

(3)

We note that (3) is the discounted cost incurred (during periods 1, . . . ,L) by the policy ordering

E[q∗,Li |D[i−1]] in period i, of a single-sourcing L-period backlog inventory problem with unit holding

cost h, backlogging cost b, zero ordering cost, discount factor α, i.i.d. demand distributed as D−rL
(which we note can be positive or negative), zero lead time, and initial inventory E[I∗,L] − rL,

multiplied by (1−α) (Karlin and Scarf (1958)). Such models, and their optimal policies, have been

studied in-depth in the literature (Karlin and Scarf (1958), Zipkin (2000), Fleischmann and Kuik

(2003)). Let Π denote the family of all feasible non-anticipative policies for the aforementioned

inventory problem (as it is typically defined (Zipkin (2000))). For π ∈ Π and i ≥ 1, let Cπ
i (rL)

denote the cost incurred by policy π in the aforementioned inventory problem in period i, if the
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initial inventory is −∞ (which can at no cost be raised by a policy to any desired level). Let us

define

V n
α (rL)

∆
= inf

π∈Π
E

[
n∑
i=1

αi−1Cπ
i (rL)

]
; V ∞α (rL)

∆
= inf

π∈Π
E

[
∞∑
i=1

αi−1Cπ
i (rL)

]
.

Then combining the above, we derive the following lower bound for OPT(L).

Lemma 4. For all L≥ 2, and α∈ (0,1),

OPT(L)≥ c(E[D1]− rL) + (1−α)V L
α (rL). (4)

6.3.4. Formal statement of asymptotic optimality and additional proof details.

Although explicit bounds on the optimality gap are proven in Xin and Goldberg (2017), here for

simplicity we simply state the main asymptotic result, referring the reader to Xin and Goldberg

(2017) for the bound on the optimality gap.

TBS Policies. Before stating the main result, let us formally review the defintion of a TBS policy

and the “best” TBS policy. A TBS policy πr,S with parameters (r,S) is defined as the policy that

places a constant order r from the regular supplier in every period, and follows an order-up-to

rule from the express supplier which in each period raises the on-hand inventory to S (if it is

below S after receiving the regular order in that period), and otherwise orders nothing. More

formally, it holds that o
πr,S ,R

t = r, and o
πr,S ,E

t = max(0, S − Iπr,St ), for all t. Furthermore, letting

Ir∞
∆
= supj≥0

(
jr−

∑j

i=1Di

)
, and D′1 an independent realization of D, it is shown in Janakiraman

et al. (2015) that

Cπr,S = c(E[D1]− r) +E [G (Ir∞+S−D′1)] . (5)

Furthermore, it is shown in Janakiraman et al. (2015) that an optimal choice of r,S, which

minimizes (5), can be found efficiently (independent of the lead time L) using convex optimization,

and we let r∗, S∗ denote some such optimal choice.

Formal statement of asymptotic optimality. The formal asymptotic optimality result proven

in Xin and Goldberg (2017) is the following, where again we refer the reader to Xin and Goldberg

(2017) for precise analytical bounds on the optimality gap.

Theorem 5. limL→∞
C
πr∗,S∗

OPT(L)
= 1. Namely, TBS policies are asymptotically optimal as the lead

time grows to ∞.

Overview of remainder of the proof by connecting Lemma 4 to a TBS policy. The

remainder of the proof follows from the fact that the optimization problem defined by V ∞α (rL) has



34

an optimal stationary base-stock policy, with order-up level (say) Ŝα,L, and that V ∞α (rL) is “close”

to V L
α (rL) for appropriate sequencese of α and L with α ↑ 1 and L→∞ simultaneously. It follows

that the lower bound from Lemma 4, i.e.

c(E[D1]− rL) + (1−α)V L
α (rL), (6)

is “almost” c(E[D1] − rL) + (1 − α)V ∞α (rL), itself “almost” the cost incurred by πrL,Ŝα,L in the

corresponding discounted infinite-horizon version of the original dual-sourcing problem (normalized

by 1−α), which as α ↑ 1 is “almost” the long-run-average cost incurred by πrL,Ŝα for the original

long-run-average non-discounted problem (by the vanishing discount factor methodology). Here

the “almost” arises from subtleties such as the fact that: 1. in (6) the first term c(E[D1] − rL)

conceptually comes from the long-run-average (not discounted) setting; 2. in the problem defined

by V ∞α (rL) a policy can choose its initial conditions while in the long-run-average problem the

initial conditions are implicit from the policy itself; and 3. one must show appropriate boundedness

and convergence (e.g. of Ŝα,L) as α ↑ 1 and L→∞. Xin and Goldberg (2017) use techniques from

MDP, queueing, and the theory of random walks (including again results of Spitzer and Kingman)

to show that all these technical issues can be overcome, with all relevant convergences holding in

a suitably uniform manner.

7. Case Study III: ATO Systems with large lead times
7.1. Introduction to ATO Systems.

7.1.1. High-level introduction. ATO systems are those in which a manufacturer manages

an inventory of raw materials (i.e. components), which are converted into products (each of which

requires some amount of each component) over time as demand arrives for different products.

To make the idea concrete, let us consider some well-studied special cases, depicted in Figure

1. On the left is the so-called “W system” that has two products to be assembled from three

components. The system embodies a commonality strategy: instead of using completely separate

sets of components, the two products are assembled from one unit of a common component

(component 0) and another unit of a product-specific component (1 or 2). The common component

is used to exploit the pooling effect to mitigate uncertainty in demands for individual products.

In the middle is the “M system”, which has three products assembled from two components. This

system provides customers with the flexibility of choosing a product with a single functionality

embedded in either component, or both of them. On the right is the “N system”, which is a special

case of both the W and M systems.

A fundamental assumption of the ATO model is that assembly of products takes a negligible
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amount of time. Obviously, in this case it is most efficient to keep inventories at the component

level and assemble products only for existing demands. This Assemble-to-Order (ATO) strategy

has been widely deployed, especially by PC manufacturers such as Dell. Its popularity provides

strong motivations for doing research on these systems, which generally splits along the lines of

whether one is studying so-called ATO production-inventory systems, or ATO inventory systems.

In ATO production-inventory systems, components are produced within the system, and inventory

problems arise due to costs of and/or constraints on production capacities. In ATO inventory

systems, components are ordered from outside the system, and inventory problems are caused by

delays between ordering components and receiving them (lead times), which requires component

ordering decisions to be made before the exact demand is known. Our survey focuses on the latter

model, which, for simplicity, we refer to as ATO systems when there is no ambiguity.

Figure 1 Instances of ATO Systems

Like many canonical inventory problems, inventory control in ATO systems needs to address a

fundamental tradeoff between ordering more components to reduce backlog costs and ordering

less to reduce inventory holding costs. When products are assembled from multiple components,

ordering decisions need to be coordinated to minimize idle inventories of some components because

of the lack of others, especially those with longer lead times. When different products share a

common component, decisions on ordering components also need to take into account the way

they are allocated. For instance, in the W system, if one product has higher priority for using the

common component, then the product-specific component used by the other product should have

its inventory position set at a lower level. On the other hand, decisions on allocating components

also need to consider their replenishment process. For instance, in the M system, a manager may

need to decide whether to use a unit of component 1 to serve demand for product 1 or reserve it to
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serve product 0 (if it is more valuable) after component 2 becomes available. The decision depends

on the availability of both components, which is a result of replenishment decisions. Addressing

these issues to optimize inventory control in ATO systems is often formulated using models of

minimizing inventory costs. Among them, the backlog model with a general Bill of Materials (BOM)

and deterministic lead times is a difficult and important problem. In such models, the state-space

of the underlying control problem becomes high-dimensional, with the dimension growing both in

the lead time and the size of the BOM. As before, this makes the large lead time regime interesting

not just as in many applications it is at least moderately large, but also because it is exactly the

setting of large lead times in which methods such as dynamic programming become intractable.

7.1.2. Literature review prior to recent progress using asymptotic analysis. Opti-

mizing ATO systems for a single period gives rise to a two-stage stochastic linear program that

can, in principle, be solved numerically (Song and Zipkin (2003)). However, developing an optimal

control policy over an infinite time horizon is a daunting challenge. At the time when the survey

of the field, Song and Zipkin (2003), was published, the optimal control policy was known only

for systems with a single product (Rosling (1989)). The survey concludes that:

“As indicated above, little is known about the forms of optimal policies for multi-period models.

The research to date mostly assumes particular policy types. It would be valuable to learn more about

truly optimal policies. Even partial characterizations would be interesting. Also, better heuristic

policy forms would be useful.”

Many heuristic policies have been developed within the confines of specific assumptions, most

notably, policies that assume the use of independent base stock policies for replenishment and

FIFO for allocation (Hausman et al. (1998), Lu et al. (2003), Lu and Song (2005), Zhang (1997)).

This stream of research is majorized in a sense by Lu and Song (2005), which formulates an explicit

computational procedure for determining the optimal base stock levels. (It is worth noting that

Jaarsveld and Scheller-Wolf (2015) point out the poor scaling of this computation as the number

of components and products grow.) However, if a policy class itself is inherently inefficient, then

finding the best parameters has limited effect on achieving optimality. There have been efforts to

develop better types of policies. For instance, the “no-hold back” allocation policy, which outper-

forms FIFO in some cases (Lu et al. (2010)), but is also proven to be inadequate in other cases

(Wan and Wang (2015)). Some studies on periodic-review systems (Aksay and Xu (2004), Desh-

pande (2005)) deviate from the assumption of FIFO allocation, but only for demands that arrive

in the same period. These policies revert to FIFO in continuous-review systems where the length

of the period diminishes to zero.

On the other hand, finding the exact optimal policies remains a formidable challenge. Beyond

the single-product systems (Rosling (1989)), recent studies have only developed optimal policies
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for a few rare cases, in which the cost parameters take particular values that make the allocation

decisions trivial (Dogru et al. (2010), Reiman and Wang (2012)). The proof of optimality depends

on the latter factor, so the result cannot be extended to more general settings. This gives rise to

the following question: between exact optimality, which is beyond the reach of current

methods, and heuristics that restrict attention to suboptimal policy forms, can we

develop a new approach that, while not exactly optimal nonetheless performs well for

many ATO systems? An asymptotic analysis of ATO systems with large lead times provides

such an approach.

It should be pointed out that, prior to the work using asymptotic analysis on ATO inventory

systems that is described here, Plambeck and Ward (2006) provide an asymptotic analysis of

ATO production-inventory systems. Their asymptotic analysis is carried out in the “high-volume”

region where demand arrival rates are scaled up. The production capacities (along with prices) are

determined in a one-time optimization that yields a system in heavy traffic. They prove asymptotic

optimality of an allocation policy that involves solving a particular linear program periodically,

where this period is chosen in a manner similar to that in Harrison’s “Big-Step” method (Harrison

(1996)).

7.1.3. Overview of recent progress using asymptotic analysis. Recently, substantial

progress was made in the analysis of ATO systems using asymptotic analysis. The results in Dogru

et al. (2010), Reiman and Wang (2012, 2015), Reiman et al. (2018), taken together show that if one

fixes the BOM and cost vectors, and lets the lead times grow large, then a “target-tracking” control

strategy is asymptotically optimal. The approach can be summarized as the following four-step

procedure:

1. Step 1: Prove that one can lower-bound the cost rate in terms of a certain stochastic program

which is a relaxation of the true problem.

2. Step 2: Develop methodologies to solve the stochastic program.

3. Step 3: Develop an inventory policy that makes replenishment and allocation decisions to

follow targets for inventory positions and backlog levels that are set by solving the lower-bound

stochastic program. (As the system evolves, these targets typically need to be updated by re-solving

the stochastic program.)

4. Step 4: Prove that the policy can asymptotically (as the lead time grows large) keep the

system “close” to this lower bound, by using arguments centered on weak convergence (by CLT-like

arguments), continuity, and the “nice behavior” of the relevant limiting processes.

Here we note that related stochastic programs have been considered for certain one-period models
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going back at least to Gerchak and Henig (1986), and we refer the interested reader to Song and

Zipkin (2003) for additional references. In contrast to the algorithms provided in Case studies I

and II, here the algorithm is more sophisticated, and conceptually can be thought of as providing

a “completely new algorithm” as opposed to “justifying” intuitive heuristics.

7.2. Formal model and problem statement.

In this section, we formally define the ATO inventory optimization problem. The inventory system

has m products that are assembled from n components according to a BOM, with corresponding

n×m matrix representation A, with each component aji equals to the amount of component j

i needed to assemble a single unit of product i (1 ≤ i ≤m, 1 ≤ j ≤ n). Here we assume that all

components have a common lead time L, but will later generalize to the setting in which different

components may have different lead times. The problem can be formulated as either a periodic-

review or a continuous-review model, and here we focus on the continuous-review model. We assume

the following model for demand. Let {dk, k ≥ 1} be an i.i.d. sequence of m-dimensional vectors.

Intuitively, dki will represent the demand for product i which arrives during the kth “demand arrival

event”. Furthermore, demand arrival events occur at times dictated by a Poisson process with rate

λ. We let {D(t), t≥−L} denote the vector of demands that have arrived on [−L, t]. At each time

t, the system evolves as follows.

• New demands arrive and components that were ordered exactly one lead time ago are received.

• Products are assembled from available components to serve demands (allocation) according

to one’s chosen control policy.

• New orders for components are placed (replenishment) according to one’s chosen control policy.

• Inventory on-hand of components and backlog levels of products are updated.

• The cost rate is updated according to the new inventory on-hand and backlog levels.

Here we note that as the model is in continuous time, the above sequence of events must be

interpreted through that lens, where e.g. the set of times at which demands or components actually

arrive and/or are actually ordered will typically be measure zero. In addition, costs are incurred

continuously through time, not just at event epochs. The cost rate stays constant between event

epochs.

7.2.1. Formal definition of inventory control policy. The goal is to select an inventory

control policy π, which consists of both a replenishment and allocation policy. A feasible policy π

will be equated with the valid definition of two processes, as follows.

• There is an n-dimensional replenishment process {Rπ(t), t ≥ −L}, with Rπj (t) (intuitively)

equal to the number of units of the ith component ordered in [−L, t].
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• There is an m-dimensional allocation process {Zπ(t), t≥ 0}, with Zπi (t) (intuitively) the num-

ber of units of demand of the ith product type met in [0, t].

We now describe the set of admissible such policies π=
(
Rπ,Zπ

)
. First it will be helpful to formalize

two additional processes implicitly defined by a policy π, as follows.

• There is an n-dimensional on-hand inventory process {Iπ(t), t ≥ 0}, with Iπi (t) (intuitively)

the on-hand inventory level of the ith component at time t. For a given policy π and fixed initial

conditions, the process Iπ is uniquely defined through the following dynamical component inventory

equation, which requires that for all 0≤ t1 ≤ t2, Iπ(t2) = Iπ(t1) + Rπ(t1−L, t2−L)−A ·Zπ(t1, t2).

• There is an m-dimensional product backlog process {Bπ(t), t≥ 0}, with Bπ
i (t) (intuitively) the

backlog for product i at time t. For a given policy π and fixed initial conditions, the process Bπ is

uniquely defined through the following dynamical product backlog equation, which requires that

for all 0≤ t1 ≤ t2, Bπ(t2) = Bπ(t1) + D(t1, t2)−Zπ(t1, t2).

Then we say that a policy π=
(
Rπ,Zπ

)
is admissible if it satisfies the following properties.

• Adaptivity. Letting F denote the filtration generated by the demand process, we require

that π is adapted to F .

• Non-negativity. The intuitive definitions of all four processes require that Rπ,Zπ, Iπ,Bπ are

all non-negative.

• Monotonicity. As over time the total number of components ordered and demand met is

non-decreasing, we require that Rπ and Zπ are non-decreasing.

• Appropriate measurability, existence of limits, and continuity. We also require that

π is appropriately measurable, and that all relevant processes are r.c.l.l., although for clarity of

exposition we do not dwell on these technical matters here.

We let Π denote the set of all admissible policies.

7.2.2. Formal problem statement. We assume per-unit linear inventory holding costs of h

per unit of time (with hi the holding cost of component i); and per-unit linear inventory backlogging

costs of b per unit of time (with bi the backlogging cost of product i). Thus under a given admissible

policy π, at each time t,the inventory cost is incurred at the expected rate Cπ(t)
∆
= h ·E[Iπ(t)] +b ·

E[Bπ(t)]. We then define the long-run-average cost of a policy π as Cπ ∆
= lim supT→∞

1
T

∫ T
0
Cπ(t)dt,

where we note that the appropriate measurability and continuity requirement of all admissible

policies ensures that all relevant integrals are well-defined. In that case, the formal problem of

interest is infπ∈Π Cπ.
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7.3. Detailed overview of Dogru et al. (2010), Reiman and Wang (2012, 2015),
Reiman et al. (2018).

We now review the results and approach of Dogru et al. (2010), Reiman and Wang (2012, 2015),

Reiman et al. (2018).

7.3.1. Stochastic program lower bound. We begin by describing the relevant lower bound

on the cost rate at a given time t, i.e. Cπ(t), from the perspective of time t−L. Here we derive the

lower bound intuitively, without formal mathematical arguments, referring the reader to Dogru et

al. (2010), Reiman and Wang (2012, 2015), Reiman et al. (2018) for related formal arguments. Since

we only require a lower bound, it will be fine (at least intuitively) if we make the problem “easier”

by “relaxing” certain features of the problem. The major relaxation we make is that we allow

the inventory manager to defer all allocation and assembly in [t−L, t] until time t, as assembling

components into products to clear some desired backlog of demand (for various products) can

be done instantaneously at that time, and at that time one then has the maximum amount of

information and flexibility (as all demand to arrive in [t−L, t], and components in the pipeline at

time t, will have arrived). Of course, the system may incur heavy inventory holding and backlog

costs before time t as no demand is served during the period (t−L, t). However these costs do not

affect the objective here, which is to minimize the cost rate at time t only. Under such a relaxation,

just before the allocation at time t:

• The n-dimensional on-hand component inventory equals Iπ(t−L) + Rπ(t− 2L, t−L).

• The m-dimensional product backlog equals Bπ(t−L) + D(t−L, t).

Now, subject to the above, how small could we make Cπ(t) by “optimally” allocating the on-hand

component inventory to the product backlog? Let us denote by z the m-dimensional vector such

that zi equals the amount of backlogged demand for product i met in the allocation at time t. Note

that for any such z; and fixed realizations of Iπ(t−L),Rπ(t− 2L, t−L),Bπ(t−L),D(t−L, t); the

rate at which the inventory cost is incurred at time t equals h ·
(
Iπ(t− L) + Rπ(t− 2L, t− L)−

Az
)

+ b ·
(
Bπ(t−L) + D(t−L, t)− z

)
. Denoting Iπ(t−L) + Rπ(t− 2L, t−L) by y, and Bπ(t−L)

by α, we thus derive a lower bound for Cπ(t) of

E
[
h ·y−

n∑
j=1

hj

m∑
i=1

ajizi + b ·α+ b ·D(t−L, t)−
m∑
i=1

bizi

]
.

Letting c denote the vector such that ci =
∑n

j=1 hjaji + bi, we may rewrite this lower bound as

E
[
h ·y + b ·α+ b ·D(t−L, t)− c · z

]
.

Now, we have already asserted that we get to observe D(t−L, t) before choosing z, i.e. z can be a

function of D(t−L, t). Let us now think on what constraints z must satisfy. First, it must hold that
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z≤α+D(t−L, t), as one cannot clear non-existent backlog. Second, it must hold that Az≤ y, as

one cannot use components one does not have. Imposing these constraints (and non-negativity of

z), for any fixed values of α and y we derive the following lower bound for Cπ(t):

h ·y + b ·
(
α+E

[
D(t−L, t)

])
−E

[
sup
z≥0

{
c · z | z≤α+ D(t−L, t),Az≤ y

}]
. (7)

We complete the lower bound by noting that we may “optimize” this lower bound over all non-

negative choices for y and α, although note that we will do so in such a way that y and α must

be selected without knowledge of the realized value of D(t−L, t). Combining all of the above, and

making rigorous with formal stochastic comparison arguments, the following is proven in Dogru et

al. (2010). Let D be a random vector distributed as the lead time demand D(t−L, t).

Lemma 5. For all π ∈Π and t≥L,

Cπ(t)≥ inf
α,y≥0

(
h ·y + b ·

(
α+E

[
D
])
−E

[
sup
z≥0

{
c · z | z≤α+ D,Az≤ y

}])
.

Furthermore, in Reiman and Wang (2015), it is shown that Lemma 5 can be stated in a more con-

venient form as follows, through some elementary substitutions and manipulations of the relevant

optimizations.

Lemma 6. For all π ∈Π and t≥L,

Cπ(t) ≥ CL ∆
= inf

y

(
h ·y + (b− c) ·E

[
D
]

+E
[

inf
B≥0

{
c ·B | AB≥AD−y

}])
. (8)

Note that the minimization in (8) is a two-stage stochastic linear program. Explicit computa-

tional procedures for solving this stochastic program as a discrete optimization problem have been

developed for special cases, such as the W system (Dogru et al. (2010)) and the M system (Dogru et

al. (2017)). Discrete convexity results, which can be used to develop efficient algorithms, have been

proven for systems with particular BOM structures (see, e.g., Dogru et al. (2017), Zipkin (2016)).

Moreover, DeValve et al. (2018) provides a thorough analysis on computational and integrality

questions, showing that the optimal solutions for general cases (also with integrality constraints)

can be efficiently computed by applying a so-called primal-dual methodology.

7.3.2. Development of asymptotically optimal target-based inventory policies. The

average cost of an ATO system can reach the lower bound CL if replenishment and allocation

outcomes meet the optimal solutions of (8). More formally, let y∗ denote an optimal choice of y in

(8), which (intuitively) represents an “idealized” component inventory position vector. It is easy

to keep the inventory position at y∗: simply use a base stock policy with base stock levels y∗. Let

us also define the random vector QL(t)
∆
= AD(t−L, t)− y∗, where (intuitively) QL

j (t) represents
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the “shortage” of component j with regards to what would be needed to clear all demand which

arrives in (t− L, t], given access to the components on-hand and in the pipeline. Then the final

term of (8) becomes

E
[

inf
B≥0

{
c ·B | AB≥QL(t)

}]
(9)

Intuitively, (9) is an optimization over all backlog vectors B “consistent” with the realized compo-

nent shortages at time t, QL(t), subject to the inventory position at time t− L adhering to the

optimal level y∗. Let B∗ denote the function that maps realizations of QL(t) to optimal solutions

of the relevant linear program, i.e.

B∗
(
QL(t)

)
∈ arg min

B≥0

{
c ·B | AB≥QL(t)

}
.

Existence and uniqueness of such a solution is addressed in Reiman and Wang (2015), Reiman

et al. (2018), and for simplicity of discussion here let us simply assume existence and uniqueness.

For a given policy π, let us define yπ(t)
∆
= Iπ(t−L) + Rπ(t− 2L, t−L)−ABπ(t−L). Then if it

were possible for a policy π to satisfy yπ(t) = y∗, Bπ(t) =B∗
(
QL(t)

)
w.p.1 (or even in expectation

due to linearity) for all t≥L, it would hold (as proven in Reiman and Wang (2015)) that π would

be optimal, as it would match the lower bound CL. Unfortunately, in general such an exact match

will be impossible, since an admissible policy cannot re-select the backlog levels at each time

regardless of the state of the system.

To overcome this dilemma, the authors use a “target tracking” strategy. They reason as follows.

Note that QL(t) is “observable” at time t. Thus at time t we may “plug in” this observed realized

value for QL(t) into the linear program and compute the “idealized“ backlog vector B∗
(
QL(t)

)
,

i.e., the target. Supposing that: 1. QL(t) changes “sufficiently slowly” over time; 2. B∗
(
QL(t)

)
is a

“sufficiently continuous” function; and 3. we had been able to keep the actual backlog process Bπ

“sufficiently close” to the idealized process B∗
(
QL(s)

)
for all s in an interval “sufficiently close”

to t, the tracking strategy would suggest to allocate components in the interval “near” t in such

a way that Bπ continues to be “sufficiently close” to the backlog target, and that this should be

achievable by “pushing the process” in an appropriate direction over a short time period. This

logic is then repeated as QL evolves, ensuring that Bπ stays “sufficiently close” to B∗
(
QL(t)

)
for all t≥ 0. Note that, as indicated, the target B∗

(
QL(t)

)
changes over time, and this target is

obtained by re-solving a linear program when the right hand side (QL(t)) changes. Although the

context is different, there have been several successful uses of re-solving in the literature (Reiman

and Wang (2008), Jasin et al. (2012), Bumpensanti and Wang (2018), Vera et al. (2019)).
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This plan is carried out in Reiman and Wang (2015) to derive an asymptotically optimal policy.

More precisely, Reiman and Wang (2015) formulates the following “allocation principle“, which

dictates how to “push the process” in the “right direction” based on the solution B∗
(
QL(t)

)
to the

re-solved linear program. This allocation principle can be roughly described as follows: at each

time t, do not serve a product if its current backlog level is not above the target (even

if components are available), and serve all other products to maximally eliminate

their excess over backlog targets (myopically), subject to component availability. We

refer the interested reader to Reiman and Wang (2015) for a complete specification of the sequence

of asymptotically optimal policies {π∗,L,L > 0}. (There may be several allocation policies that

satisfy the allocation principle.) We also note that the same allocation principle applies to ATO

production-inventory systems, where components are produced instead of ordered (Plambeck and

Ward (2006)), leading to a policy that is asymptotically optimal in the high demand volume

regime, while also more efficient in all other cases (Wan and Wang (2015)).

7.3.3. Formal statement of asymptotic optimality and additional proof details. The

formal asymptotic optimality result proven in Reiman and Wang (2015) is the following.

Theorem 6. limL→∞
C
π∗,L

CL
= 1, with both Cπ∗,L and CL scaling as Θ(

√
L) as L→∞. Thus, the

sequence of policices {π∗,L,L > 0} is asymptotically optimal as L→∞.

The basic intuition behind the formal proof is related to the time and space scaling of the functional

CLT that arises in this setting, where we note that such simultaneous time and space scalings

are standard in the analysis of queueing systems in heavy traffic (cf. Iglehart and Whitt (1970),

Whitt (2002)). Indeed, although for technical reasons Reiman and Wang (2015) do not formally

use such a CLT (instead using various concentration / martingale / maximal inequalities), here we

explain the relevant intuition through the lens of such CLT. In particular, let B̂π∗,L(t)
∆
= B

π∗,L (Lt)√
L

,

and Q̂L(t)
∆
= QL(Lt)√

L
. Then the sequence of processes {Q̂L(t),L > 0} satisfies a functional CLT as

L→∞. Thus this sequence of processes converges (as L→∞) to a “nice” limiting process Q̂(t),

namely Brownian motion, which has continuous sample paths. Classical results in the continuity

of linear program (e.g. Hoffman’s lemma) then imply that B∗
(
Q̂L(t)

)
also has continuous sample

paths (for large L). The intuition behind the proof that the actual backlog level is able to stay

close to its target value is as follows. By the allocation principle, whenever the backlog of a product

falls below its ideal level dictated by B∗
(
QL(t)

)
none of that product is serviced, which induces

a strong drift “back up” towards this ideal level. This corrects the shortfall so quickly that it

is not asymptotically significant, leading to the resulting continuity on the correct asymptotic

scale. Since a “conservation of mass” argument from Reiman and Wang (2015) implies that as

long as no backlogs are substantially below their ideal levels, it must be that no backlogs are
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substantially above their ideal levels, we may conclude that the allocation principle (combined with

the asymptotic balancing of supply and demand by basic limit theorems of probability) essentially

keeps all backlog levels at their ideal levels at all times. More precisely, it is proven that

lim
L→∞

sup
t≥1

∣∣∣∣E[B̂π∗,L(t)
]
−E

[
B̂∗
(
QL(t)

)]∣∣∣∣= 0,

which by linearity of expectation, Lemma 6, and some additional arguments and bounds (the details

of which we omit) is sufficient to ensure the desired asymptotic optimality and prove Theorem 6.

7.3.4. Systems with non-identical lead times. Obviously, inventory management

becomes more complex for ATO systems when components can have different lead times. It turns

out that in comparison with systems with identical lead times, the real difference is in component

replenishment. Except for components with the longest lead times, it is not efficient to order

them according to a base stock policy. While ideal inventory positions can be prescribed by an

analogous SP that also sets a lower bound on the average cost, attaining these ideal inventory

positions is typically infeasible. The good news is that this new obstacle does not make asymptotic

optimality unreachable, it just takes a more complex policy to get there (Reiman et al. (2018)).

For simplicity of discussion, we will only consider systems with two distinct lead times, L1

and L2, where L2 > L1, and there are n1(n2) components with lead time L1(L2). Let A1(A2)

denote the BOM for those components with lead time L1(L2). Also, let D1 ∆
= D(t− L1, t), and

D2 ∆
= D(t−L2, t−L1), where we note that D1 + D2 = D(t−L2, t). Similarly, let hk be the vector

of component holding costs for those components with lead time Lk, k ∈ {1,2}, and let c denote

the vector such that ci =
∑2

k=1

∑nk
j=1 h

k
ja

k
ji + bi. It will be evident from the discussion that not

much effort is required to extend the analysis and results to systems with any finite number of

distinct lead times. Instead of formally re-defining the associated problem, we simply note that

the formal problem definition is essentially the same, with the caveat that now one associates a

given policy π with two on-hand component inventory processes, one each for those components

with lead time L1(L2) respectively, with the associated defining dynamical inventory equations

reflecting these different lead times (see Reiman et al. (2018) for details).

Similar to the development that leads to Lemma 6, Reiman and Wang (2012), Reiman et al.

(2018) establish a lower bound on the expected cost at time t, which is also a lower bound on the

average inventory cost of the ATO system.
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Lemma 7. For all π ∈Π and t≥L2 ,

Cπ(t)≥ CL1,L2 ∆
= inf

y2
{h2 ·y2 +E[ϕ1(y2,D2)]}+ b ·E[D1 + D2],

with ϕ1(y2,D2) = inf
y1
{h1 ·y1 +E[ϕ0(y1,y2,D1 + D2) |D2]},

and ϕ0(y1,y2,D1 + D2) =

inf
B≥0
{c ·B|A2B≥A2(D1 + D2)−y2,A1B≥A1(D1 + D2)−y1}− c ·E[D1 + D2].

As in the identical lead time case, the average cost of an ATO system can reach the lower bound

CL1,L2 if replenishment and allocation outcomes meet the optimal solutions of the optimization

problem in Lemma 7. Also as in the identical lead time case, Reiman et al. (2018) again reformulate

the relevant optimization problem in terms of certain observable shortages, and again develops

policies to keep the inventory positions and backlog levels near their ideal target levels. The

targets are updated by applying new demand inputs and re-solving the stochastic program of

Lemma 7. A major additional complexity in the non-identical lead time setting is that even

certain of the “ideal” component inventory positions are now random processess that vary over

time. For example, in the three-stage stochastic program given in Lemma 7, although the optimal

choice for y2 is simply a fixed vector, the optimal choice for y1 is now a complex function of past

demands. In Reiman et al. (2018) a policy π∗,L1,L2
is derived that keeps: 1. the inventory positions

for components of lead time L1 “sufficiently close” to the (state-dependent) targets of y1 given by

the optimal solutions to the stochastic program, and are updated by re-solving the problem with

new inputs as the system evolves; 2. the product backlogs “sufficiently close” to their ideal levels

given by the same stochastic program through essentially the same allocation principle used in the

identical lead time case; and 3. the component inventories for components of lead time L2 equal

to the fixed optimal value for y2 in the stochastic program by applying a base-stock strategy as in

the identical lead time case. For systems with a single product, the policy reduces to an algorithm

that is equivalent to that of Rosling (1989), and thus is exactly optimal. We also note that for

systems where the different lead times are very close to one-another, the same level of asymptotic

optimality can be achieved by following an independent base stock policy (Reiman et al. (2016)).

For a formal statement of asymptotic optimality in the non-identical lead time setting, we refer

the reader to Reiman et al. (2018). Due to the additional complexity introduced by non-identical

lead times, Reiman et al. (2018) introduce several additional methodological innovations. First, to

show that all relevant quantities are “asymptotically close” to the idealized processes given by the

re-solved stochastic programs, the authors formulate a general “stochastic tracking model” within

which one can seamlessly demonstrate all relevant convergences (as opposed to requiring separate
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notations, tools, and analyses for each required convergence). Second, proving continuity of the

relevant maps (especially those involved with the ideal levels for components with shorter lead

times) is much more involved, as the dimension of the relevant linear programs grows with the lead

time, where the authors overcome this by more explicitly using the special structure of the relevant

programs. Also, a perturbation analysis is used to ensure uniqueness of the relevant optimal

solutions. Here we also note that in contrast to the stochastic programs arising in the identical

lead time case, in the setting of non-identical lead times these programs have an inherently nested

structure. As such, the question of the computational complexity of (approximately) solving these

programs remains poorly understood, and we refer the reader to Reiman et al. (2018) for related

discussion.

8. Conclusion and directions for future research

In this survey, we: 1. reviewed several fundamental high-dimensional inventory models which exhibit

the curse of dimensionality; 2. reviewed different methodologies for approaching these problems;

and 3. provided a detailed exposition of how asymptotic analysis has significantly advanced our

understanding of these models. We also provided an in-depth introduction to the relevant tools and

methodologies through three case studies in which asymptotic analysis has recently led to major

progress: lost sales models, dual-sourcing models, and assemble-to-order systems in the presence

of large lead times. Our survey suggests several interesting directions for future research.

• Tackle other models. Section 2 contains many challenging inventory control models which

have resisted solution to date, and which make natural candidates for trying to apply asymptotic

analysis. Indeed, the very recent work Bu et al. (2019) on perishable inventory models, Xin (2019)

on lost sales inventory models (in which a capped base-stock policy is proven to exhibit uniformly

good performance in a certain asymptotic regime), and Stolyar and Wang (2018) on inventory

models with random lead times, suggest that asymptotic analysis has much more to say here. This

also includes understanding at what level of model generality, e.g. as regards allowing for more

general cost functions, joint distribution of demand, number of suppliers and products, lead time

distribution, time-dependent behavior, more realistic constraints on ordering and production, etc.

such asymptotic analysis can be applied. Here we note that developing a better understanding

of the general tracking model defined in Reiman et al. (2018), and more broadly defining other

general frameworks and sets of assumptions under which such asymptotic analyses hold, may be a

good first step along these lines.

• Address computational issues and complexity. As noted in Section 7.3.1, even in some

cases where we know particular policies to be asymptotically optimal, we do not fully understand

the computational complexity of implementing the relevant policies. This relates to the fact that a
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formal theory of computational complexity for the structured stochastic dynamic programs which

arise in inventory control remains incomplete (as discussed in Section 3.1), although we refer the

interested reader to Halman et al. (2009, 2014), Halman and Nannicini (2019), and more generally

Dyer and Stougie (2006), Shmoys and Swamy (2006), Papadimitriou et al. (1987), Sidford et al.

(2018) for relevant work on the complexity of stochastic dynamic programming. For the setting of

ATO systems, DeValve et al. (2018) have also made recent progress along these lines, where we note

that relevant questions such as how often one must “re-solve” certain approximating optimization

problems in online optimization is a question currently of high interest across multiple academic

communities (see e.g. Vera et al. (2019), Bumpensanti and Wang (2018)).

• Turn asymptotic results into efficient algorithms for all parameters. Related to the

above computational issues is the fact that even in settings where certain policies are known to be

asymptotically optimal, it remains poorly understood how to efficiently “bridge” such asymptotic

results with policies which are effective outside of those regimes, yielding implementable algorithms

which are practically efficient across a broad range of parameters. This may also involve developing

a finer understanding of the error in asymptotic approximations, and how one could develop more

sophisticated algorithms with stronger optimality guarantees (see Xin and Goldberg (2016) for

further relevant discussion). For recent progress along such lines, see Xin (2019), DeValve et al.

(2018).

• Unify asymptotic analysis with robust optimization and machine learning. There

has been considerable recent effort within the academic inventory control community to account

for model uncertainty, through robust optimization, machine learning, and statistical approaches

(see e.g. Xin et al. (2015), Zhang et al. (2018b), Agrawal and Jia (2019), Sun and Van Mieghem

(2019), Ban and Rudin (2018), Gijbrechts et al. (2018)), yet a unified understanding of how

asymptotic analysis in inventory control interacts with such methodologies remains an interesting

open question. Although some results exist along these lines (see e.g. Huh et al. (2009), and to

some extent Zhang et al. (2018b), Chen et al. (2019), Agrawal and Jia (2019) and related work),

our understanding of the extent to which insights from asymptotic analysis can be modified and

extended to handle model uncertainty and learning remains incomplete.

• Make it relevant to practice. The gap between the practice of inventory control in industry

and the theoretical study of inventory models in academia remains large, where we note that this

gap has existed for much of the history of the field of inventory theory (Silver (1981), Kumar et

al. (2013)). Although it remains a long-standing challenge (across many academic disciplines) to

convert theoretical insights into practical results, the applied nature of the operations research

discipline is certainly amenable to such “tech transfer” and we point to Xin et al. (2017) for a recent

effort to convert insights from asymptotic analysis in inventory theory into practical results. Such
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an endeavor will also likely involve the creation of new models (possibly in which inventory control

is integrated with other features) arising from novel applications, and we point to Govindarajan et

al. (2017) for a recent application of asymptotic methods to a new model for inventory control in

omnichannel retailing, and to Banerjee et al. (2017) for a recent application to a model of pricing

and inventory control in ride-sharing.
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