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Abstract—We present a stochastic traffic engineering frame-
work for optimizing bandwidth provisioning and route selection
in networks. The objective is to maximize revenue from serving
demands, which are uncertain and specified by probability dis-
tributions. We consider heterogenous demands with different
unit revenues and uncertainties. Based on mean-risk analysis, the
optimization model enables a carrier to maximize mean revenue
and contain the risk that the revenue falls below an acceptable
level. Our framework is intended for off-line traffic engineering
design, which takes a centralized view of network topology, link
capacity, and demand. We obtain conditions under which the
optimization problem is an instance of convex programming and
therefore efficiently solvable. We also study the properties of
the solution and show that it asymptotically meets the stochastic
efficiency criterion. We derive properties of the optimal solution
for the special case of Gaussian distributions of demands. We focus
on the impact of demand uncertainty on various aspects of traffic
engineering, such as link utilization, bandwidth provisioning and
total revenue. The carrier’s tolerance to risk is shown to have a
strong influence on traffic engineering and revenue management
decisions. We develop the efficient frontier, which is the entire set
of Pareto optimal pairs of mean revenue and revenue risk, to aid
the carrier in selecting an appropriate operating point.

Index Terms—Demand uncertainty, economics, mathematical
programming, risk, traffic engineering.

I. INTRODUCTION

T RAFFIC engineering (TE) is a mechanism for traffic and
revenue management in networks [3], [4], [7], [9]. The

TE mechanism takes two complementary forms, on-line and
off-line [4], [30]. On-line TE responds to changes of the network
state in real-time. See [14] and [28] for works where the focus
is on distributed on-line traffic engineering and provisioning.
Off-line TE applies on a longer time-scale. Instead of focusing
on instantaneous network states and individual connections, it
takes as input statistics of aggregated traffic demands between
node pairs. Combining this demand information with a central-
ized view of network topology and link capacites, off-line TE
selects the topology of routes and provisions resources on the
selected routes for carrying the demands. These decisions are
optimized globally for demands of various service types and
origin-destination pairs [2], [23], [24], [29]. The solution of the
off-line optimization has been proposed as a reference point
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for on-line operations. For example, in [29] capacity preallo-
cated by the off-line TE process is used as the threshold for
on-line admission control. Similarly, in [8] the off-line provi-
sioning process is used to guide the real-time routing and ad-
mission control.

This paper focuses on the optimization of off-line traffic
engineering. The optimization in our model is with respect to
the topology of the paths serving end-to-end demands and the
amount of provisioned bandwidth on these paths, among other
decision variables. The problem has previously been formu-
lated as a deterministic multicommodity flow (MCF) model,
where demand for each service and node pair is given as a fixed
quantity, such as the expected value of forecasted traffic load
[23], [29]. The goal is to find an appropriate amount of traffic
to admit for each demand, and capacitated route(s) to carry
the traffic, so that the carrier’s objective, usually formulated
as revenue earned by serving demands, is optimized under
capacity constraints.

This paper develops a stochastic traffic engineering frame-
work for decision making that takes into account demand un-
certainty and its consequence, namely, risk. The overall objec-
tive is to employ traffic engineering and revenue management
techniques to achieve robustness in network performance and
resulting revenue. This framework uses probabilistic distribu-
tions of demands as inputs for off-line optimization. Such dis-
tributional information is typically a byproduct of statistical pro-
cedures for forecasting network traffic from measurements [5],
[6], [22], [31]. However, such information has not been used ex-
tensively in the past for lack of a suitable modeling framework.

The framework of this paper remedies several shortfalls of
the deterministic approach to traffic engineering. For instance,
in the deterministic MCF model, revenue derived from carrying
demand is assumed to increase linearly with the amount of
provisioned capacity up to the point where all traffic demand
is satisfied. When demand is random, if more capacity is
provisioned then the probability that the capacity is fully uti-
lized decreases. Consequently, mean revenue increases with a
decreasing rate with the amount of provisioned capacity. This
nonlinear effect is captured in the stochastic traffic engineering
framework. Incidentally, this also illustrates one of the reasons
why the latter framework is intrinsically nonlinear. Importantly,
the framework also allows the variability of uncertainty in the
traffic demand to be taken into account, and its impact assessed.
Even when mean demands stay fixed, increasing uncertainty
significantly affects the optimal traffic engineering solution.
Typically the consequences include lower link utilizations and
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higher link shadow costs. Note that optimal selections of path
topologies and provisioning of resources are based on link
shadow costs [24], hence uncertainty impacts route selection
and provisioning.

Uncertainty breeds risk. A carrier must concern itself not only
with mean revenue and the strategies for its maximization, but
also with the risk of revenue falling below acceptable levels.
This risk is not calculable in the deterministic traffic engineering
framework. Calculating risk and managing it are important com-
ponents of network revenue management, and also of this work.
The framework here allows the carrier to trade off different ob-
jectives, such as the maximization of mean revenue against min-
imization of the risk of revenue shortfall.

The objective function in the optimization model of this paper
incorporates a risk index. The rationale for its selection draws
extensively from the mean-risk analysis that was originally de-
veloped in the finance community to address the needs of bal-
ancing growth and risk in portfolio management [12], [20]. Risk
in networking has its own characteristics. At the most basic
level, demands of various service types between node pairs are
associated with varying degrees of uncertainty; these demands
compete for fixed network resources. The allocation of network
resources to demands is also subject to servce providers’ at-
titude toward risk, some carriers being more risk-averse than
others. Taking the carrier’s risk aversion into account in deci-
sion-making for network revenue management is clearly impor-
tant, and this is done in the framework of this paper.

Considerable attention is given in this paper to finding a mea-
sure of risk that is appropriate specifically for network revenue
management in the mean-risk approach. There are several can-
didates for such a risk index. Some of these candidates, such
as the variance of revenue, lead to inferior solutions that are
stochastically dominated by other feasible solutions in the con-
text of our problem. On the other hand, there are candidates,
such as the Tail Value at Risk (TVaR), which are stochastically
efficient but rather difficult to handle analytically and in the op-
timization. We make the case that the standard deviation of net-
work revenue as a measure of risk is an attractive compromise
between stochastic efficiency and tractability.

The framework in the paper is sufficently general to include
demands with different degrees of uncertainty, even for the same
(source, destination) pair. Carriers routinely complement retail
services by making wholesale contracts with large customers
for guaranteed demands at discounted prices; for example, see
[16] and [17] regarding Level 3’s wholesale agreement with
Microsoft. Our framework is used to model the carrier’s de-
cision-making in allocating bandwidth to demands that range
from higher-priced, but uncertain, to lower-priced, but with little
or no uncertainty. A proper mix of these types of demands al-
lows the carrier to mitigate revenue risk while maximizing ex-
pected revenue. This capability of our model is demonstrated
numerically in Section VI.

As another aid to decision-making, we develop the efficient
frontier, which is the complete set of Pareto optimal pairs of
mean revenue and revenue risk, and thus is the totality of all
rational solutions that the carrier needs to consider. As we will
see in Section VI, the shape of the efficient frontier provides

valuable information to the carrier in selecting the appropriate
operating point.

With natural extensions, the framework of this paper has the
potential of contributing to studies of future developments in the
telecommunications industry. For instance, if the industry struc-
ture stabilizes to one with several competing carriers with dis-
tinct and possibly overlapping footprints, then resource sharing
among all or a subset of these carriers will benefit not only the
participating carriers but society and consumers also. Modeling
frameworks will be needed to quantify the value proposition
from such bandwidth sharing agreements. It is possible to en-
visage carriers being engaged in dynamic, game-theoretic iter-
ations of actions and reactions, in which basic moves of each
player are computed by an extension of the present model.

This paper is organized as follows. In Section II we formu-
late the stochastic traffic engineering problem and present the
optimization model. In Section III we discuss modeling of the
risk term in the objective function and in Section IV we analyze
the complexity of obtaining the global optimal solution. In Sec-
tion V we derive properties of the optimal solution that provide
important insights on bandwidth provisioning and route selec-
tion. In Section VI we give numerical results that show the im-
pact of demand uncertainty and carriers’ risk tolerance on net-
work traffic engineering and revenue management. We also de-
velop the efficient frontier. We present our concluding remarks
in Section VII.

II. MODEL

A. Conception

1) Demand, Provisioning, and Revenue Management: In
this paper, we define demand as the aggregated amount of
traffic volume that customers are willing to pay the carrier to
deliver from one network node to another. The price per unit
of delivered traffic is assumed to be given. It is sometimes
useful to define multiple demands for the same node pair, with
the demands distinguished by the unit price, quality of service
requirements, and volume statistics. For example, in [25] and
[26], for the same end nodes, there is a distinction between re-
tail demand, which generates higher unit revenue but for which
the volume is subject to uncertainty, and wholesale demand for
which the volume is known with certainty.

In the case of deterministic traffic engineering, the value of
a demand is characterized by its unit price. In the presence of
demand uncertainty, unit price alone is not sufficient to charac-
terize the value of a demand. It is possible that a demand of
high unit price is very volatile, in which case it is necessary
to take into account the probability that demand volume will
fall below the provisioned bandwidth. Consequently, the carrier
should anticipate the possibility of a smaller revenue from such
demands than from demands with lower unit prices but guaran-
teed volume. To optimally provision bandwidth in our frame-
work, unit price should be used in conjunction with distribu-
tional information of demands to characterize the mean revenue
return and revenue risk from bandwidth provisioning.

Revenue management is further complicated by the carrier’s
attitude toward risk. In the presence of demand uncertainty, the
carrier may want to give up a certain amount of mean revenue
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in exchange for reduced level of revenue risk. The difference in
carrier’s willingness to trade mean revenue with risk should be
reflected in a revenue management model, as is the case in this
paper.

We digress to observe that in the model here prices are not
influenced by capacity provisioning decisions. It is possible to
couple the two through price-demand relationships, as in [18]
and [24], for instance. The value in these models is in decision-
making over time scales that are longer than is of interest in this
paper.

2) Admissible Route Sets: QoS and policy considerations
are major constraints on provisioning decisions. The notion of
admissible route sets allows these constraints to be taken into
account in the optimization. For example, routes may be re-
quired to have lengths not exceeding specified thresholds, on
account of propagation delay, and there may also be restric-
tions on the number of hops, since each hop is associated with a
switching node and consequent incremental delay. The admis-
sibility of a route may also depend on policy, which typically
reflects diverse considerations, such as security, the capability
of switching nodes in the routes to handle certain services, etc.
Generating the admissible route sets is a substantial task in it-
self. It is assumed in this paper that these sets are given.

B. Model Formulation

We formulate the network as a collection of nodes and links
( , ), where link has bandwidth . Let be the set
of all demands and denote demand volume by . In
a restricted case where there is only one demand between each
pair of network nodes, corresponds to a subset of all node
pairs. However, in this paper, each source–destination pair is al-
lowed to have multiple demands, in which case specifies
both node pair and demand type. Different demand types for
the same node pair may be characterized by the unit price, ad-
missible route set, GoS requirement, as well as traffic volume
distribution that reflects the degree of uncertainty.

Let demand volume be a random variable characterized by
its probability density function (PDF) and cumulative distribu-
tion function (CDF), denoted by and , respectively.
Let be the amount of capacity provisioned to demand

. The provisioned quantity, , may be routed on one or more
admissible routes. Denote the admissible route set for by

and let be the amount of capacity provi-
sioned on route . Then

(1)

It follows that the amount of carried demand

(2)

Let and be the mean and variance of , respec-
tively. Then

(3)

(4)

where . Notice that

(5)

i.e., both the mean and variance of carried demand increase with
the amount of bandwidth provisioned. Their maximum values,
denoted by and , are the mean and variance of
the demand , respectively.

It is worth noting that the model for deterministic traffic engi-
neering is a special case of the model above. In the former case,
network demand is given by the “demand matrix” of constants

. We formulate the demand matrix as an instance of our model
by using the following degenerate distribution function:

In this case, from (3) and (4)

(6)

Our model also accommodates mixed cases where both deter-
ministic and random demands exist [25], [26].

Given fixed unit revenue, , the revenue from serving de-
mand equals , for which the mean is and
the variance is . The total revenue is

(7)

In the general case, is a random variable for at least
some , and so is . The objective function, denoted
by , is itself a function of . The composition of should
reflect the carrier’s desire to increase mean revenue and reduce
the risk of revenue shortfall due to the randomness of . In the
next section, we discuss the specification of that satisfies this
objective.

The overall optimization model is as follows:

(8)

subject to

(9)

(10)

(11)
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The constraints in (9) specify bandwidth provisioning for de-
mands on admissible routes, and (10) limit the total amount
of provisioned bandwidth from exceeding link capacities. The
lower bounds (11) on the provisioned bandwidth deserve addi-
tional comment. The parameter is defined as the minimum
bandwidth that must be provisioned for demand . The param-
eter value is determined by factors such as regulation, service
level agreements, and customer expectations on the grade of ser-
vice.

Notice that with fixed link capacities, it may be infeasible to
satisfy the minimum bandwidth requirement of some demands.
Should this situation arise, the carrier has to supplement link ca-
pacities by reconfigurations or by buying bandwidth from other
carriers. Our model can be generalized to incorporate buying
decisions to cover this scenario [26]. However, the generalized
model is not the focus of this paper. We will analyze the original
model in (8)–(11), and assume that a feasible solution exists for
the existing link capacities.

III. MODELING RISK

In this section, we take uncertainty in demand into considera-
tion in the composition of an objective function that reflects both
the maximization of mean revenue and the containment of the
risk of revenue shortfall. We review two relevant risk modeling
frameworks in Section III-A and discuss our characterization of
revenue risk in Section III-B.

A. Relevant Frameworks for Risk Modeling

1) Mean-Risk Model: Mean-risk analysis addresses the
issue of risk averseness by offering a broader optimization ob-
jective. The approach starts by developing a risk index, which
quantifies the risk of revenue shortfall based on the revenue
distribution. It then maximizes the weighted combination of the
mean revenue and the risk index, i.e., ,
where is a parameter. Different levels of risk averseness
can be reflected by choosing different values for . A higher
value of indicates greater willingness to sacrifice the mean
revenue to avoid risk.

2) Stochastic Dominance: Stochastic dominance theory de-
fines a partial ordering of random variables based on their prob-
ability distributions [15]. Let and be two random vari-
ables, which represent revenues under two different bandwidth
management decisions. Then stochastically dominates
to the first degree iff the former renders the carrier a better
chance to exceed any revenue target , i.e.,

(12)

Furthermore, stochastically dominates to the second de-
gree iff

(13)

We consider a solution to our problem to be stochastically
efficient if the corresponding revenue distribution is not domi-
nated in either degree. It suffices to prove efficiency by showing
that the revenue distribution is not subject to second-degree

dominance, which, by definition, is a necessary condition for
dominance in the first degree.

B. Formulation of the Objective Function

We formulate the objective function as an instance of the
mean-risk model and require that the solution that optimizes it
be stochastically efficient. Whether these conditions can be met
depends on the characteristics of the revenue distribution and
the choice of the risk index. In portfolio management, variance
is commonly used as the risk index and the objective is to max-
imize [15]. However, as we show in Sec-
tion III-B.1, the mean-variance model in network revenue man-
agement often leads to solutions that are stochastically domi-
nated. On the other hand, applying other risk measures that guar-
antee stochastic efficiency, such as Tail Value at Risk defined in
Section III-B.2, lead to models that are too complex to solve. As
a compromise, in Section III-B.3 we propose standard deviation
as the risk index.

B.1 Variance: Variance of network revenue is a natural can-
didate for the risk index, especially since it has been widely used
in many mean-risk models. The objective function that uses the
variance as the risk index is

(14)
Notice that (14) reflects the aforementioned assumption that de-
mands between different node pairs are independent. Applying
(3) and (4)

(15)

The equation has an unique solution.
Therefore, there exists a unique such that

if

and

if (16)

Based on this observation, we impose as an upper
bound on . If , then by (11). Otherwise,

, which is a new constraint that reduces the original fea-
sible region [a polyhedron defined by (9)–(11)] to a convex set
on which the objective function (14) is concave, which makes
our model a concave maximization problem that can be solved
efficiently. This additional restriction on does not affect the
optimal solution since by (16), increasing beyond only
reduces the value of .

We now show that the optimal solution of the mean-variance
model can be stochastically dominated. Note that the optimal
value of is bounded by . When the network has
as much capacity as this bound for every demand, and has more
for at least one demand, a new feasible solution can be devised
that will carry as much traffic for each demand and more in total
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than the optimal solution to the mean-variance model. Conse-
quently, the new solution generates more revenue, and thus dom-
inates the optimal solution to the first degree.

B.2 Tail Value at Risk: Besides variance, other distributional
parameters have also been proposed as candidates for the risk
index. Of particular interest are indexes that guarantee stochastic
efficiency of the optimal solution. One example is the Tail Value
at Risk (TVaR), defined as

(17)

where is the -quantile of
revenue . As in [15], the dominance condition (13) is equiv-
alent to

(18)

indicating that if dominates , then
for all . For instance, in the above discussion on

variance, we illustrated an inferior solution that is optimal in the
mean-variance model but does not use all available bandwidth.
We showed that the resulting revenue is dominated by another
solution which uses all capacity. It is easy to verify that the
latter solution has higher TVaR for every . Note that condition
(18) implies that revenue is stochastically efficient if for
some , has a unique maximum at .

As in [27], the mean-risk model that uses as
the risk index

(19)

maximizes the weighted sum of (which equals
) and . Consequently, any other solu-

tion must be smaller either in or , and thus
cannot stochastically dominate the optimal solution.

However, optimizing the above requires specifying quantiles
of the revenue distribution (i.e., the distribution of ) as func-
tions of the demand distributions (i.e., distributions of ) and
the provisioned bandwidth . This approach introduces a sig-
nificant amount of computational complexity, and is therefore
not adopted in this paper.

B.3 Standard Deviation as Risk Index: Our choice of risk
index is the standard deviation of network revenue, , i.e.,

(20)

It is computationally more tractable for optimization than TVaR.
For networks with few node-pair demands, an optimal solution
to the mean-standard deviation model may still be stochastically
dominated. Now consider the difference between the optimal
solution that uses the standard deviation as the risk index and
the optimal solution that maximizes TVaR for some . This dif-
ference approaches zero as the number of node pairs increases.
This property serves our purpose well, since bandwidth trans-
port networks usually have tens or even hundreds of nodes, and
thus a large number of node pairs.

As in (7), is a summation of many independent random
revenues, . From (5), the variance of each revenue,

, monotonically increases with , and thus has a lower
bound from (11), and an upper bound

. Therefore, for every feasible solution

i.e., Lindeberg’s condition is satisfied, and the Central Limit
Theorem can be applied as follows:

as (21)

where is the standard normal distribution. It follows that
if is sufficiently large

(22)

where is the -quantile and is the CDF of (0,1).
Since changes monotonically from 0 to
as varies from 1 to 0, has a unique in-
verse . By (22), the solution that maximizes
is stochastically efficient since it also maximizes .

IV. MODEL ANALYSIS AND PROPERTIES

The preceding section has established that the standard devia-
tion is an appropriate choice of the risk index in large networks.
In this section we demonstrate that the use of standard deviation
also leads to a tractable optimization model. We also discuss the
implications of the necessary conditions for optimality.

Using the standard deviation as the risk index, the objective
function in (8) becomes

(23)
Given that all constraints of the above model are linear, the

complexity of finding the global optimum depends on the shape
of the objective function . If is concave in all nonlinear
variables , the model falls into the class of concave
maximization problems. In this case, the global optimum can be
found efficiently with existing standard algorithms.

In general, is not concave everywhere if , as can be
verified by considering a restricted case with only one nonlinear
variable. Despite this inconvenience, we show in this section
that in many circumstances, the model can still be solved as a
concave maximization problem. Our approach is based on two
theorems developed in Section IV-A and the subsequent anal-
ysis in Section IV-B.

A. Shape of the Objective Function

In the following, we use and to represent and
, as defined in (3) and (4), respectively. We also omit the
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argument in the distribution functions, and use , , and
to represent , , and , respectively. Lemma 1
is the basis for Theorems 1 and 2.

Lemma 1: For any and

(24)

Proof: Because , from (3) and (4)

(25)

Since at

(26)

We show in Theorem 1 that is unimodal in every .
Theorem 1: For , given fixed values for

if
if

(27)

where (28)

Here , and is the unique solution

to (28), i.e., is calculated by solving the equation obtained by
replacing by =.

Proof: Let

(29)

Notice that by Lemma 1

(30)
Therefore monotonically increases from
0 to as goes from 0 to . It follows that as defined
by (28) is unique, and , =, or , depending on
whether , =, or .

Holding (28) at equality and applying the Implicit Function
Theorem

(31)

indicating that increases with . This result will be used in
Section IV-B.

Clearly, any maximum point of can be reached only in
areas where for all . Theorem 2 shows that is
concave in this region. Before presenting the theorem, we first
give the second-order derivatives

(32)

and for

(33)

Theorem 2: Let be the Hessian matrix of . If

(34)

then is negative semi-definite.
Proof:

(35)

where is a square matrix of dimension , and its en-
tries are . Other elements that take
the zero value correspond to second-order derivatives with re-
spect to , which are linear variables in our model. is
negative semi-definite if and only if is negative semi-defi-
nite.

Apply (32) and (33), and note that
for any , we have

(36)

where elements of matrix , , and , denoted corre-
spondingly as , , and . and are
diagonal matrices with

and

(37)

Also,

and for

(38)
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is positive semi-definite by assumption, and is pos-
itive semi-definite by Lemma 1. To prove that is negative
semi-definite, it suffices to show that is positive semi-defi-
nite, i.e., for any real vector of dimension

(39)

This is true because by Lemma 1

(40)

and by the A-G Mean Inequality (i.e., )

(41)

B. Discussion of Properties

The two theorems in the last section define a set

(42)

over which is concave (if , then is fixed at ).
The set also contains all local maximum point(s) of . The
optimal value of the objective function is obtained by
from the set and . The model is a
concave maximization problem if either or its intersection
with the feasible region is a convex set. In this case, we can find
the global optimum efficiently.

The set may or may not be convex, depending on the de-
mand distributions, parameters and . To verify that may
not be convex, consider a single-link network that serves two
demands. Assume that volumes of both demands are uniformly
distributed over [0,1], and the ratio of their unit prices

. Let and . From (28) and (42), is the
set of ( , ) that satisfies

and

The set is not convex. For instance, it contains (0.67,0.11) and
(0.79,0.33) but not their average (0.73,0.22).

In case is not convex, we can still solve the model as a con-
cave maximization problem under certain conditions. Consider

in Theorem 1, which are obtained by solving

(43)
Since is the minimum amount of provisioned bandwidth
for , and increases with

is the lower bound of . For each , we solve (43) in which
and denote the solution by , i.e.,

(44)

Then , because as mentioned in IV-A, that solves
(43) increases with . Consequently

is a subset of . If is large enough to contain the global op-
timum, the model can be solved by using a concave maximiza-
tion algorithm on the polyhedron.

We now discuss conditions for the global optimum to be
“trapped” inside . Define , where is the
ratio of the maximum variance of the revenue from node pair

to the minimum variance of the revenue from all other node
pairs. Because

By Lemma 1,
, so If

for each , then , and it becomes cer-
tain that contains the global optimum. For example, when

, , then . This means that if it is
uneconomical to provision bandwidth for demand in excess of
the 95% percentile, then the optimal solution can be obtained
by concave maximization over .

For the condition to hold, either is small (in an ex-
treme case when , ), or is large. The latter cor-
responds to situations where the contribution of each node pair
to the variance of total revenue is insignificant. This happens
when the network has many node pairs, and the total revenue
is not dominated by the revenue from an individul pair. This is
typically the real-world case for large networks. For smaller net-
works, straightforward enumeration of extreme and boundary
points is a viable option.
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C. Necessary Conditions for Optimality and Implications

The Lagrangian of our model takes the following form:

(45)

It follows that the first-order necessary conditions are [using
(29)]

(46)

(47)

The quantity is interpreted as the link shadow cost, which re-
flects the marginal value of capacity on link and corresponds
to dual variables in [1]. It is a critical quantity for route selec-
tion [1], for real-time routing and rate control [13], [33], and
for joint off-line optimization of pricing and provisioning [24].
Specifically

1. By (47), for any route , only when

indicating that traffic is carried solely on the shortest
path(s) of all the admissible routes, where link shadow
cost, , is the distance metric.

2. We define as the demand
shadow cost, i.e., the opportunity cost of carrying de-
mand between . By (46), the optimal quantity
to be provisioned for demand is determined at the
point where the marginal increase of mean revenue,

, compensated by the marginal change of risk,
, equals the demand

shadow cost, .

V. SPECIAL CASE: TRUNCATED GAUSSIAN DISTRIBUTION

When demand between a node pair comes from many inde-
pendent individual sources, the total demand can be approxi-
mated by the Gaussian distribution. That the aggregated traffic
demand between network nodes follows the Gaussian distribu-
tion in real networks has been extensively observed and doc-
umented, specially in studies that extract traffic models from
measurements and inference techniques, such as network to-
mography. See for instance [5], [6], [21], [22]. We will make this
assumption in what follows. Of course, the distribution needs to
be restricted to nonnegative values, and the PDF should also be
normalized properly, so that the total probability over the re-
stricted sample space is unity. As a result, we will consider the

Truncated Gaussian Distribution characterized by the following
PDF:

(48)

where the normalizing parameter is

and (49)

where .
In the rest of this paper, we will assume that is sufficiently

larger than ( , in our numerical investigations)
so that the truncation effect is negligible. In this case, and
approximately equal the mean and standard deviation of the de-
mand distribution, and are used as proxies for these parameters.

Let be the amount of bandwidth provisioned for demand
. Then the mean and standard deviation of carried demand are

(50)

(51)

where , , and
.

The following inequalities provide important insights of the
optimal solution.

Theorem 3: Let be the CDF of the distribution speci-
fied by (48). Then

a) (52)

b) if (53)

c) if (54)

Equation (52) shows that the ratio of the mean carried traffic
to the provisioned bandwidth decreases with the increase of pro-
visioned bandwidth. We note that this trend of declining return
from bandwidth provisioning is not specific to the case of the
truncated Gaussian distribution.

Theorems 3-b) and 3-c) reveal an interesting implication of
demand uncertainty, which is parameterized by the standard de-
viation . In (53), the condition is imposed to ac-
commodate the effect of truncating the demand distribution, and
can be ignored if the distribution is close to Gaussian. The in-
equality shows that increasing the standard deviation of a de-
mand reduces the mean carried traffic, indicating that demand
uncertainty is detrimental to revenue. Does that mean that less
bandwidth should be provisioned to a demand if its uncertainty
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increases? Not necessarily. It is implied by Theorem 3-c) that
under certain conditions, it is optimal to allocate more band-
width to a demand as its uncertainty increases. For ease of ex-
position, we elaborate below on this point for the special case
of , while noting that it holds in general for .

The condition on in (54) requires the bandwidth pro-
visioned for the demand to be more than its mean, amplified
slightly by the term to accommodate the trun-
cation of the Gaussian distribution. Suppose the requirement
is satisfied, as is typical in networks that are not overloaded,
so that . When , the necessary condition
(46) becomes . To maintain the above equality as

increases, either has to increase to cancel out the impact
on by the increase of (notice that ), or

has to increase. The increase in leads to an increase in
the shadow costs of some links on route . The latter
effectively makes routes of other demands that share these links
with more expensive. As a result, the amount of bandwidth
provisioned to these demands will be reduced, and hence more
bandwidth will be left for demand .

To summarize, while a demand of higher uncertainty usually
gives lower mean revenue, it may also have a higher mean mar-
ginal revenue (represented by the term ), which is the in-
cremental revenue obtained from an additional amount of pro-
visioned bandwidth. This upward revenue potential may lead to
more bandwidth being dedicated to demands with higher un-
certainty, despite the fact that the average revenue from these
demands are lower.

The carrier’s attitude to risk influences the provisioning of
bandwidth to demands with higher uncertainty. Referring to the
necessary condition (46)

in the above discussion of the special case of we
showed that when increases, also needs to be increased
to rebalance the equation by reducing its left-hand side. In
case , raising not only reduces but also increases

. Therefore, the equation can be rebalanced
with a smaller increase in . This suggests that a carrier with
lower risk tolerance provides less bandwidth for demands with
higher uncertainty.

VI. NUMERICAL STUDIES

In this section, we discuss implications of demand uncer-
tainty and the carrier’s risk tolerance on traffic engineering
and revenue management through numerical examples. We
first describe the network topology and base case scenario in
Section VI-A, and present results in Sections VI-B–E.

A. Network and Base Case

We consider a sample network which has 12 nodes and 14
bidirectional links. The network topology, as well as the labels
of nodes and links are shown in Fig. 1. All links have 150 units of
capacity, except links 6, 7, 12, 13, and 14, which have 200 units.
The latter links are given higher capacities since they are likely

Fig. 1. Network topology.

to carry more traffic on account of their central locations. Be-
tween each node pair in the network there is some random de-
mand which is symmetric in both directions. We make the fol-
lowing assumptions about these demands.

1) Let be the minimum number of hops between a node
pair . The admissible route set of demand , , con-
tains all paths that have no more than links.

2) The price per unit of carried bandwidth for demand , ,
is proportional to , i.e., , where is set at
50 in the numerical studies. Hence, the price for a given
demand is determined by the length of the shortest path
and is independent of its selected routes.

3) The volume of each demand follows the Truncated
Gaussian distribution, see (48). The ratio of the two
defining parameters of the distribution, , is
kept below 0.35 for all . Consequently, the effect of trun-
cating the original Gaussian distribution is negligible and

, and are close estimates of the mean, standard
deviation and coefficient of variation, respectively.

4) To satisfy the GoS requirement, the amount of capacity
provisioned to serve each demand is required to be no less
than its mean, i.e., .

5) All demands are assumed to have the same mean,
i.e., for all . Then
is an estimate of average network demand. The ratio
of this quantity to the sum of all link capacities,

, is defined to be the
network load factor. In numerical examples we vary the
load factor by appropriately setting the mean demand.
In the sample network (Fig. 1), and

, so . For given , to
vary the coefficient of variation, , we appropriately
set .

In addition to the random demands specified above, the net-
work has another set of guaranteed demands between all net-
work node pairs. The latter demands have no uncertainty and
constitute a special case of random demands, as indicated in
(6). While we assume here that the guaranteed demand is abun-
dant, the unit price of carrying it is a (small) fixed fraction,

, of the unit price for carrying random demand
for the same node pair. This fraction is uniform across all node
pairs and its value is set at either 0.1 or 0.2. Route selection
of guaranteed demands is subject to the same constraints that
apply to random demands. However, from the above assump-
tions on guaranteed demands, specifically, prices are propor-
tional to minimum distances (measured by hops) and volumes
are unlimited, it should be clear that it is optimal to carry such
demands only on minimum-hop routes.
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Fig. 2. Mean revenue from random demand drops with variability.

Fig. 3. Bandwidth provisioned to random demand increases with variability.

Observe that the carrier decides on bandwidth allocation to
random and guaranteed demands, where the former has poten-
tially higher but uncertain revenue, e.g., from retail demands,
while the latter has lower but secure revenue, e.g., from whole-
sale contracts. The optimal allocation is influenced by both de-
mand uncertainty and the carrier’s risk-averseness.

B. Impact of Demand Uncertainty

We start with the base case and set the risk parameter ,
and the ratio of unit prices for guaranteed and random demands
for the same node pair, . Let the coefficient of varia-
tion increase from the base case value of 0.1 to 0.2, 0.3,
and 0.35, and keep all other parameters unchanged. Figs. 2 and
3 demonstrate vividly the revenue implications of demand un-
certainty, which are consistent with Theorem 3 in the last sec-
tion. In both figures, the horizonal axis corresponds to the index
of random demand, which is associated with a node pair. Given
various uncertainty levels, Fig. 2 plots the percentage difference
of mean revenue from the benchmark, which is the mean rev-
enue obtained at zero uncertainty . The mean rev-
enue for each random demand is an implication of the optimum
network-wide bandwidth provisioning computed by the proce-

Fig. 4. Link utilization decreases with variability.

Fig. 5. Shadow cost increases with variability.

dure discussed in the preceeding sections. The figure reveals
the detrimental impact of demand uncertainty as the differences
are always negative and higher values of always lead to
larger percentage drops. The amounts of provisioned bandwidth
to these demands are shown in Fig. 3, which are increasing with
demand uncertainty, indicating that more network capacities are
diverted from serving guaranteed demands to serving random
demands. This is exactly what Theorem 3 postulated, i.e., de-
spite the fact that demands of higher uncertainty result in lower
mean revenues, more bandwidth is provisioned to random de-
mands.

For random demands, as uncertainty increases, the utilization
of provisioned bandwidth decreases. Define link usage rate as
the ratio of mean carried traffic to the amount of provisioned
bandwidth on a link, both calculated after aggregation over all
random demands using the link. Fig. 4 plots the usage rate for
every link in the network at several uncertainty values. Despite
the decreased efficiency of bandwidth usage, the marginal value
of link capacity, characterized by the link shadow cost, increases
with uncertainty, as shown in Fig. 5. This fact, surprising at first,
is due to the need to provision more bandwidth to random de-
mands when uncertainty is higher, which makes capacity a more
constrained resource.

C. Risk Mitigation by Bandwidth Allocation

We highlight a risk mitigation mechanism derived from ad-
justing bandwidth allocations to the guaranteed and random de-
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TABLE I
EFFECT OF RISK AVERSENESS ON ADJUSTED BANDWIDTH ALLOCATION AND

MEAN REVENUE COMPOSITION

mands. The former has no uncertainty, its associated revenue is
risk-free, albeit lower, so allocating more bandwidth to it mit-
igates the revenue risk. We vary the risk-averseness parameter,
, and investigate the implied allocation of bandwidth to the

two types of demands in the optimal solution. The results show
that as the carrier’s attitude varies from risk-neutral to highly
risk-averse, the proportion of bandwidth allocated to guaranteed
demands increases, as does the proportion of revenue from guar-
anteed demands in the total expected revenue.

Table I gives the results for ranging from 0 to 2.4. For
random demands, we set and for all

. The ratio of prices for carrying guaranteed and random de-
mands for the same node pair, is fixed at 0.2. In all cases,
the parameter for all in the GoS constraint, see (11).
This implies that 1531 units of capacity, out of the total of 2350,
is set aside for random services to meet the GoS constraint.
The carrier allocates the remaining 819 units of bandwidth to
random and guaranteed demands. Table I gives adjusted numer-
ical values of bandwidth and expected revenue corresponding to
the excess over the respective fixed quantities committed to sat-
isfy the GoS constraint.

Table I shows that a risk-neutral carrier should pro-
vision 49% of uncommitted capacity to serve random demands.
As the carrier becomes more risk-averse, the percentage of
bandwidth allocated to random demands declines. The last
row of the table shows that a conservative carrier
should allocate no more than 32.8% of the uncommitted ca-
pacity to random demands. Differences in provisioning lead to
differences in revenue composition. When , 62.5% of the
revenue is generated from random demands. When ,
the corresponding number is 49.1%.

D. Impact of Risk-Averseness on Route Selection

Risk-averseness not only affects bandwidth allocation, as
we demonstrated above, but also route selection, as we will
illustrate next. We associate with any routing solution its dis-
tance–bandwidth product (DBP)

where is the amount of bandwidth provisioned on route
as defined in Section II and is the number of hops in

route . A reference value is

Fig. 6. Change of route selection with risk-averseness.

TABLE II
EFFECT OF RISK AVERSENESS ON ROUTE SELECTION

which is the distance-bandwidth product when bandwidth is
provisioned only on routes with the minimum number of hops.
We let measure the departure
of the routing solution from minimum-distance routing. In
Fig. 6, we show the dependence of on the risk-averse-
ness parameter . The noteworthy feature of the figure is the
strictly monotonic decrease of with increasing until
it reaches 0, where the optimal solution coincides with the
minimum-distance routing. Note that sticks to 0 for
higher values of .

Table II provides additional insight to corroborate the results
in Fig. 6. We consider routing of demand from node to node

in Fig. 1 on three candidate routes, route 1 ({h-g-f-d-e}),
which has the minimum distance, routes 2 ({h-g-j-k-l-e}) and
3 ({h-i-j-k-l-e}), which have an additional hop. Table II shows
that with risk-neutrality , roughly one-third of the
demand is carried over the two nonminimum-distance routes.
For , the routing is exclusively minimum distance.

E. Efficient Frontier

The effect of the carrier’s tolerance to risk is summarized by
the efficient frontier, which is obtained by solving the optimiza-
tion model for various values of . In Fig. 7 we show the frontier
for the base case network. Each point on the curve gives the op-
timum combination of mean and standard deviation of revenue
at a given value of , and represents the maximum expected rev-
enue (reward) obtainable at a given level of risk, or the minimum
risk the carrier has to take for a given reward.

A key feature to observe in the displayed efficient frontier in
Fig. 7 is the “knee” of the curve, which corresponds approxi-
mately to mean revenue of 11 000. To the left of this point, the
tradeoff between risk and mean revenue is roughly linear and
benign, and to the right the curve is increasingly nonlinear and



232 IEEE/ACM TRANSACTIONS ON NETWORKING, VOL. 13, NO. 2, APRIL 2005

Fig. 7. Efficient frontier.

any small gain in the expected revenue is accompanied by a sub-
stantial cost in increased risk. Moreover, the figure highlights
the importance of precision in locating the knee since a rela-
tively small variation of about 1%–2% in mean revenue around
the knee can lead to substantial changes in the slope of the effi-
cient frontier.

VII. CONCLUSION

We have presented and analyzed a stochastic traffic en-
gineering framework for off-line planning of bandwidth
provisioning and routing. The framework is based on an opti-
mization model that uses probability distributions of demands
as inputs and maximizes the weighted combination of the mean
revenue and the risk of revenue shortfall. We discuss properties
of the objective function, and strategies for solving the model
as a concave maximization problem. In our numerical studies,
we analyze the impacts of demand uncertainty on various
aspects of traffic engineering design. We observe significant
changes in mean revenue, bandwidth provisioning, link shadow
costs and utilization with demand uncertainty. We demonstrate
that changes in bandwidth provisioning with uncertainty are
strongly influenced by the carrier’s tolerance to risk, and give
the efficient frontier, which characterizes the tradeoff between
expected revenue and revenue risk.

Our analysis can be extended in several directions. For in-
stance, an extension of the model can give carriers an optimiza-
tion tool for use in interactions with peers in bandwidth sharing
and network interconnections. These extensions are currently
being investigated, and will be reported in future publications.
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